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Lecture 17: App 'ic~tions of Subv me Perfect N~sh Equilibrium 

Lecturel7: ~ 

H<r<•todC,m <> 

RepeatedGam.., 

I> A~·' ""' can re peat it,ell ><vera l t imes 

I> Stat ic ga m ... turn intod)·n amic byrepetition 

.. A oam<c, nr,p,atitself><vera lti mes 



l . ln p<riodl,~ 

l . ln p< riod 1, pla)l<!r<<im<iltan<ou, ly fl>ytt.e gar>< G 

l. :I::: ~n:~~~t~~:; ~~":! t "' !>ayer, in p<riod 1. Then in period 2 

1 In p.riM 1, rL,,.,rs, im11l,.,n..-.is~ rL,yth•!':·''""' r. 

1. In p< riod 1, pia)l<!« <imul tan<00<~ f l>y theg, ne G 

• Each!>a;er i 12· I (,h ir~) • ,imut, neou,lydecid<whetf.e r toplay~k)o,~ 

• Wctkill Kincu,sao:,;tofjJ!_,-verincre"""theutil ityof the oth er l>a:,,,r - it!1, 

• Wctk i11 g incurs>w;tcfl h°"""""incrca=theutil ityof th<>otho, pla)l<!t il,,.2 
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• W f athappen, when T =I 
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• Pl~ rl hasS infct,1a1ioo,m intot al 

• Pl>y< rl h-s5 infornatioo><U intotal 

• P lay,rl has a tota l of 3< (2')pure , trategies 

• S,m,l , rty, play,, i l as• tota l of:;~ P"' e « rategie> 

• Start atthe e nd otthegam e (i .e .. T - 2! 

• Start at th e endolth e game (i.e .. r ~ 2.1 rrs= 
b l /J 1 AJ C'o <J /JO (i__,,1: is=i? d 

(~-z_ R){/\J~UI\JC) Uf0rY?a/ 

Thc NashtQ"i libfi, ca n bc=bywrit ingoot !htllOfmal formof thc K•mc 



Th<normalfarm<ithis , ubg, me c,n be.,.,,, inth,Tah le 

e;: -1 e;:- 0 
,- I 1+6.2 + ,\" l 0.2 + 2,\ 
e-_-o I 1 26, 2 a 1.2 

.. (e,-0. e, -O) i, tf.euniqueN ash equilihrium 

.. ( e, - 0.e, - O) istheunique Nashequilihrium 

.. ln ony SPN E, (,{ - 0, ef - O) mu>tbep'oyedoft.,..obe;,rving(o/ - LeJ - O} 

.. W, can io t hroughtf.e remaining<ma ller ,ubgam<> aftertheobser,.t ionof 
(,1- L":j -O) andaft« th ,obs<r,ationof (e/ - 1, e:)-1) 

.. W, c.i niothrooghth<rem• ining•m• llersubg, mes , ftert h,obser,at ion of 
(e/ - 1,cj - O) andofte<thoobscr,at ionof (c,1 - 1. cj - I) 

.. Wewi ll reach the .. meconc lu~o ni neach of t h<=«:e na r>;)5:that 

( ef- 0,e}-D) mu,t be pla~ineachdth= ,u bf;ame, 

.. W, can io t hroughth<e remaining<ma ller ,ubgam<> aftertheobser,.t ionof 
(ol- - L eJ-O) andaft« th eobS<r.ationof(e11 -l.e,l-1) 

.. Wewi ll re,cht loe,a mern roc lu~u ni n <.-ch uf t h"""""'""' '-"' t h,t 
( ef = O.e} = D) must be pl• ~ in each d t h= stJ~ame, 

.. W•c:iniothroogh tl,..,..n, ining >ma llo,, ubg>m.,,ftulh•obu,v.t ion of 

(",1= L e;! =0} .1ndaft e< th eobsmationof(,11 = l.'4 =1) 

.. Wewi ll rea ch thesa meco nc lu~ oni neach of t hese,,,:ena r>;)5, t hat 
("i- 0,eJ-0) mu,! be pla~ in,achdthe,esu~am<e> 

.. Wfy n. th n. thoc, .. ? 

.. Wecan 1o th roo&h t h< rfflla inin1:sma ller subgomesafterth e obser,,t ion of 
(e{= l, cl=O)andaft f>' thoobs<r.ationof (</ = 1,oj=l) 

.. Wewi ll reach the .. meconclu~o ni n each of t hc=,,:e na r>;)5:th, t 
( e/- O,,J- 0) m u>t be pla~ in , ach d t h= >U ~ ame, 

.. Ret ardless of :he obsct'<'OO actK>n. (0, 0) ~ played in perio<J 2 

.. W fyis t hi, t he ca«? 

.. Th e ide• i, t hat pa)'off, that h;i,e ><:c rut<J in p< ri od l a,e es>enlia lly , un~. a nd 
hano ·rofl ue,ce on·nc..,f",,·n p, Cod2 

To ,ee t h1>con5'dert hen orm,l lorm re pr=ntat1 001n t he, ubi;ame after :he 

'-"-rvat"-'<1cf(<'} - L,J -Oj 

--· __ , 



• Wecan>tlbtr,ctoffthe p.:,y<offthat phye<lrecei,ed in p«iodlanddivide 
t hrough play,,, !'sp,y,fhby,itooDu in t~ folk,wi~p•)"lffm, t rix 

I 1 •-• e,-o I e1 - l l.l 1,2 
_<)=0 2, I 0, 0 _ 

" Wecan.ub!racto/lthepayoff that~a)'efl r«eised in p«iodlandd i, ide 
thro.,ghplJy<J• l'spay,ffsby& tooD1a in t"'!folk,wit'l,P.,)"lffm,t, ix 

I I,, -, e, -ol e, -1 1. 1 - 1,2 
<1= 0 l. I 0,0 

• We'""- JU<t f>Ctf,..m«l a tl1 nemnsfor mat,cmof ea chperso,· , LJt1l ,tytunct,cn, 

• We've just ~ormedafli netra n,formati on,of ea ch pe~ ·, util ity fo ncticns 

• Wc'vc justpcrf,..m<:d afli ncm n, format ion,of each persoa 's util ityfoncticns 

• This norma l formi,j usttheorigina l pr iso, er',d il emma 

• We've just f>Crl,..m«l a tli nemnstormaticmot eachperso, ·, LJtil itytuncticn< 

" ~!: i'yofl mat rix iseq<i iv, lonlfrorn • strat egic per1j1oct i>,olr001 th,c, igh , I 

" Th u,thesetof N,,h eq uili bria wi ll rem ain un ch anged aftertheset ran, formations 

" Thiswi ll be t ruen omatter the action prcfi le pl.yed in pe,iod l 

" Ga~ca llyafter any hi,tor,, thest rategicn>rmal form is =entialy t hesam, as t he 
o,igio,a l pr isor-a t sd·lemn_, 



" Gasica llyafter any hi,tor,, the st rategicn>rmal form i, =ent ia ly t hesam, a>t he 
origio,a l p, ;.or-;t'sd'lomn_, 

" l>oth pl.,..,r,,r lay (•/-0,e} O) after any inlo,ma tK>n set in th, la,tper od 

" Nowletusse<whatmustb<ep layed in the fast l"' riodbythetwoplayers 

" Both pla,,,rsant icip;,tethat(,f - 0,ef O) 'O ll bepla yt,dafte<any ch""n 
act i<lnprofi lc r1 thc fi rst>eriod 

" Nowl<ltussetwhatn1ustb<l played in th e/;r.,tpe ri odby tl1~twopla)"rS 

" Both players ant ici patet hat(e{ - o.ef - 0 ) \si ll be played after anychosen 
acti<lnproli lenthe lirst = iod 

" Wecansimplifythe exten, ive'orm ~am< to the follc....i ng 

If - draw the o,c,m al fot m of t his game, t he,1 - ~et 

I 1 · - · · - " I ei - l 1,l 1, 2 
"1. -0 2, I 0,0 

lnother ""8fds both playersatNays,h irk 

• ~=the. unique SPNE ,,qu i, .. all f) ay«s toplay e; - Oatall p,..i<X!s ao,d all 

" Thu,, th e equ libriu'Tl outcome is , imply t he repet it ion of the unique NE ot the 
st.a,;e ~a n>< 

• ~=t"'!. unique SPNE.,qu i, .. all f) ay«s \oplay e; - Oatall p,..iOO, ao,d all 

" Thu, ,the equ libriu'Tloutcome i<,i mply t he repetitionof t he uniq ue NEof the 

" Thi< hold,moregcnora llywhcn thc,tagcga m, has,uniq ue N'c 



" !~~:· :;~,.<equ libriu'Tl outcome ;, , imply the repetition of t he unique NE of the 

-

.. : ~• ,~::,~e~:::,;t,~.;::~:.thi, ..-opc,sifon is « actly the ,ame that we ,aw in 

.. All P"t p•)'Offs ''" sun\; 

.. :,;~·~;~~ !~:;~, ::~•><"•nl ia<'< nf , II pl¥'<"" ;,.ctly th• ""'"'" ;f , 1 .. t''"" 

.. ::": ;:; :::•,;;;1.:~:; :~•;h:~ ~~1~e game Na sh <equi 1b,ium act oo ,egardlm of 

" :,;:•~:~~ ~~~- !:~•><tnt i,,;s of , 11 pl_, ue ,xactly tli, ""'"'" ;f ti-., i Sme 

" : : u: j:;~•:;1~;",:; ;~•;h:~ ~ti~~o gam< N"h ""luO ibt ium act on ,q,a,dks< of 

" l>utthffiweca ninduc t 

.. :~• ,~::,~e~:::,;t,~.;::~:.t his propo>ifon is esactly the ,ame that we ,aw in 

" All P"t p•)'Offs ''" , ,, n\; 

" ::::~:~~ ~~~· !:~r><ent i, ,;s of all players"" ex.>etly the san.:, as ;f 11.., game 

.. ::u:;:;:::•,;;;1.:~:; :~•;h:~ /o~ ,~e game Nash <equi ibt ium act 00 ,eg, rdlm of 

" HutH,.., ,.,.cani nd ,,ct 

" ~:t;:,;;!~1::~:~'.'!: ~~~~;~',i:t;1;~;;·;;;t " & to be p'a)'S<J to n1 0<<<M, ,1 

.. ::• ,:;:,',~·~:,;t;~.;;:~:.th" prop0<1t>0n" ~ actly the >a me that we >aw in 

" All paot !)'yofbar, , un\; 

.. :,;:•~:~~ ~~:· ::~•><tnt i,,;s of , 11 pl_, ue ,xactly th• ""'"'" ;! 11.., i Sme 

" :~":;:;~•:;1~;",~; ;~•;h:~ /o~n~e gam, Na sh equOibt ium ~ct on rq;a rdless of 

" l>utthenweca ninduc t 

.. ~:t: i;;;::::~:•: ~~8~;: .:u~l'.~i~:lo~f;o ng to be p'a~ tomO<fo,J, at 

• We~enH>to j"st_on_ t ,.. pa,offs "1the fo tum T l ,play<:,,i 
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• W ra t playc rip lays tod ayhasoocooseqoencc,fo< what tla ppe"'i"period T 
s inco....., , ,-.wtha t all pl,,)~~ ,,; 11 play .,• "" m., tto, wh at b pf>""' in po,iQc T 

• Wr atp l>Y< ri playstod ay ha ,nocooseq oe nc"' torv,hatO.pp,n,inperiodT 
s incew,...,, 1hata ll pla)'l"' "'ll pla1,• no ,n.,tte,wl,a t hppens inpe,iocT 

• w r , t pl,yc riplay,tod ayha< oo coo,oq 0<nces fo<what O. ppen, in periodT 
s inco.....,...,.th ata ll pla)'!~ ,,;11pl, ·1a• n<) mattorwlntbppon, in porioc T-1 

• So.the maxir,-i,afrn,>roblemabov,,is the,arr e as 

• Th ", , ~a in, fcrt hi, t o be , N, <h equ ilib<ium. ,,, neM , ,T- 1 -,j , ;' 1 - ,; 

• w r at pl>Y< riplaystodayhas no oonsequence, for,,·hat O. pp,n,inp eriodT 
s incowesaw th,ta ll pla)'C"',,;11 p1, ,,• no mattc,wh,t C,ppe,,. in perioc T 

• So, the m,xi rr i,afrn,>roblema bove<l the<.a rr ea< 

::xu,(,,,,r, ') 

• Th u< •&• in, hthi, t o be a Nash equililxiu m, , ,. ne.d ~r-1 - , ; ,J-1 _ ,; . 

• Folk-in g ex,ctl yt h <i""'->et ion , wecanconc l,.ie th,t e,,,.,.,,p1,.,..,, m,,st pl ay ,• 

at a ll t ime< arxl allh ist0<ie< 


