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Beauty contest 

.. ConS<derthefolk:N,inggameamong !OOpeople, Each ind ividual selects a nu mber, 
S;,between20and60 

Beauty contest 

.. Each indiv idua l maxi mizoshisut ility, FOC 

) 
- 2(•; - ~•-;)=0 



Beauty contest 

• Each indiv idua l max imizt5 his ut ility, FOC 

-2(<, - ~a_;) • 0 

• lndividualswoold pttfertoseloct a numberthatis , xact lyoqualtol.5timest he 
averageof t heothers 

Beautyconte,;t 

• Each individua l maxi mizt5hisut ility, FOC 

- 2(•; - ~a_;) =0 

• lndividualswoold p,efe,to selocta numberthatisexact lyoqualto l.5t imesthe 
averageol t h• ot he,s 

• That is they would like to choose ~ 

Beauty contest 

• Each individua l maximizt5 hisut ility, FOC 

- 2( s; - ~· -d =0 

• Individuals would p,tfer toselocta numberthatisexact lyoqualto l.5timest he 
a.e,age ofthe ot hers 

Beauty contest 

• Each individua l max imizes his ut ility, FOC 

-2(<,- ~a-d • 0 

• lndividualswoold prefertoselocta num berthatis exact lyoqualto L5timest he 
averageof t heothers 

• Th:,tistheywould li ke tochoose<; • !•- , 

• buta-;E [20, 60] 

• Therefore ~ is dominated by~ 

Beauty contest 

• The same g06 for a ny number between 20 (inc lusive ) a nd 30 (not inc luded} 

Beauty contest 

• The s.,me goesfora nynum ber between 20(inc lusive)a nd30(not inc luded} 

• Knowing th is, all individualsbelievethat ~ eryoneelsewil l select a number 
between30 a nd60(i.e .. a_;E [~ I) 
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• Thesame goesfor a nynumbe, l>etween20(inc lusi,,., ) a nd30(notinc luded} 
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between 30 a nd 60 (,. e., •-i E [30 ,60]) 

• Pl aying. a number between 30 a nd ~ {not inc lud ing) would be st rictly dominated ~ /\ • er (4 'If.' Q ,._..,7 
byplay ,ng45 -t-\.C-C. L ~, "1'-' J 

Beautyconte,;t 

• The same goes for a ny number between 20 (inc lusi"") a nd 30 (not inc luded} 

• Knowing th is, all ind ividua ls beli~ that eve,yoneelse wil l select a number 
bernffn30 and60(i .e., a_,E[30,60]) 1 • Playing_ • num berbetwee . . ""'. and 45 (not inc lud ing) would be strictly dominated I 3 l'2 u.c:'. ~ {,c) 
byplay ,ng 45 . _a,_c:6 Z .,;,;, / {:, 

· :::::::,o,·~~~;;==-------11 \a~1. ,, ~o J 
Beauty contest 

• The .. me goes for a ny num ber between 20 (inc lusi"") a nd 30 (oot inc luded} 

• Knrmingthis , all ind ividualsbelie,,.,that .,,,e,yoneelsewil l select a number 
betw<>En30a nd60(i. e., :._,E [30 ,60]) 

• Pl aying ii number betW<len 30 a nd 45 (not inc lud ing) would be strictly dom inated 
by play ing45 

• Knowing th is , all individua lsl>elieve that ,.,,eryoneelsewil l select a number 
l>etween 45 a nd60(i. e,,a_;E [45, 60]) 

• 60 YIIP'!ld dgmjpaJe any other select ion and therPfo,p iii! Jbe olaT'l selw:t fi ll 

Beauty contest 

• The s;,me goes for a nynumbe, l>etween20(inc lusiw: ) a nd30(notinc luded} 

• Knowing th is, all individua lsbelieve that ,.,,eryoneelsewil l selecta number 
l>etW<len30a nd60(i. e .. a_ , E [30,601) 

• Playing a numberk!W<len30and45{not includ ing)would be strictly dominated 
byplaying45 

• Knowingthis,a ll individua ls believe that ,.,,eryone else wil l se~ a number ~ 

• 60woulddominateanyotherselect ionandtherefo,e all the play,,rs.sel~ t60. c.. _ (JJ, (L} .. .,. _ bo r-10 ~ 
l>etween 45 a nd60(i .e., a_ 1 E [4560]) M )" 

,,- ' 
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W•• klx dpminatod 51ca1ey i"' 

• Thereisnostrictlydominatedst,a tegy 
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• The,eis nost ,ictlydomi natedst,ategy 

• Howe,,er, C always gives at least the s-me utility to player l as 8 

• There isoostrictlydominatedsuategy 

• Howe,,er, C always giv"" at least the same utility to player 1 as 8 

• lt' stemptingtothink player l"""" ldnever play C 

• There is nostrictlydominatedsuategy 

• Howe,,er, C always giv"" at least the same utility to player 1 as 8 

• lt 'stemptingtothink playerl""""ldneverplayC 

• Howe,,e,, ifp layer l issu,e t hatplaye , twoisgoing toplayahe would~ 
completely indifferent between playing B or C 

Defin it ion 
~ weaklydom inates ~ iffora llop?Qnempure st,a tegyprofi les , s_;E S_ ,, 

"'''·'-':la"·'':,._,, 
andthereisat leastoneop?Qnentstrategyprofile ,St 5_,forwhich 

u,(s, ,/..'.; ),;: u,(</ ,/..'.; ) 

• Giventhe assu mptionswehave , we cannot eliminateaweaklydom inatedstrategy 

• Giventhe assumptionswehave , wecannoteliminateaweaklydom inatedstrategy 

• Rationality is not enough 

~ ~ --i ~l-fa-')l~ t )-t At(X)(:l(_>1ocrz----·vvl) ~ 
d$,oc> 

(?.~~ ~)laoj 

,co) 
w)'Z Uc: l¼b~ 



~ :::"e so, it sounds "logic.i i" to do so and has the ?Otent ial togreatly simplifya 

~ :::neso,itsounds ''logical" todoso andhasthe potent ialtog reatlysimplify a 

t n ,,.,,,,oe,m '"' . 
m,nm · '"""'""'"'"'"'"•" " . 9 · - ,c.,..el,min3te 
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Nash equilibrium 



Rem,mbe r the definition of COmf>'litiv• equil ibrium in a market economy 

Defin it ion 
A competitive equilibrium in a market economy is a vector of prices and baskets x ; 

such that : l)x,maxi mizes theut ilityof,achi ndividua l givent h• pricevectori .e 

2}the ma ,ketsempty 

• I) meansthatgiventheprices,ind ividua l,havenoincentivetodemanda 
different amount 

• I) meansthatgiventhe prices,ind ividua lshave noincentivetodemanda 
different amount 

• The idea istoextendthisconcepttost rategicsit uations 

,~"~''"~ ,,,,.-v ,..,i,. 0,~•J 
W,de not~ best rospon5e ) asth•5etofst,at, giesofindividua l ithat 
maximizeher uti litygivent hatother individ ualsfol lowthestrategyprofiles_, 
Formal ly, 

Bestresponse 

We de not, BR;(s_;)( best respon5e) asth, setofstra tegiesofind ividua l ithat 
maximizeherutilitygivent hatother individ ualsfol lowthestrategyproliles_, 
Formal ly, 

Defin it ion 
Given astrategyprofii,,ofopponentss_;, we c.1ndefinethe bes1,esponseofplay,,,i: 

, ~ =arg'J!l'ii. (/, ,J.,;7 

Bestrespon5e 

Wede note BR,(s- ;)(best response)asthe 5etofst,ategiesofindividua l ithat 
maximi,eher utility given thatother individ ualsfol low thestrategyproliles_, 
Formal ly, 

Defin it ion 
Givenastrategyprofi leofopponentss_, , wecand•finethebest,esponseof playe, i: 

• s, E BR,(s_,) if a nd only if u,(s,.s_,) ::": u;(/,,<-,l fo, all/, E 5, 



Nash equilibrium 

Defin ition 
Suppose that we have a ga me(/ • (l;2 .... n} ; S1 . . . . , S",u1, . .. . u") . Then a 
strategy profi les• "" (s;, .. s;) is a pu,estrategy Nash equilibrium if for every iand 
fo,everys ,- E S;, 

Nash equilibrium 

Defin ition 
SuppoStthatwehave a garrn:(/= {l,2 . . .. , n). 51, ,-- . Sn ,"1· ··· ,un) - The n a 
strategy profiles" -= (si , s;) is a pure strategy Nash equ ilibri um if for every i. 
sjE BR;(s:_,). 

• Ana logoustothatof a competitiveequilibrium inthesensethat nobodyhas 
unilate,ali ncentives todeviate 

Nash equilibrium 

Ddinition 
Supposethatwehaveagame (/ = (l ,2, ... , n}. 51, . .. . 5" .lft· -·· ,u")- Then a 
strategyprofiles' • (si , .,s; ) isa pure st ralegy Nash equ ilibri um iffo,-everyi 
sj E BR;(s:_,). 

• Analogoustothatof a comp(:titiveequilibr ium inthesensethat nobodyhas 
unilate,ali ncentives to dev iate 

• once t hisequ il ibriumis ,e;,ched, nobodyhasincent ives tomovefrom t he,e 

Nash equilibrium 

Definition 
Supposethat wehavea ga me (/= (1.2 ... n),51 . .. , Sn , u, , .. . u0 ) . The n a 
st,ategyprofile s'= (sj , ... , s: ) isa pure,trategyNash equilibri umiffor,,,.ery i. 
s/ E BR;{s:_;). 

• Ana logoustothatof a con,p(:titive eq uilibr ium inthesense that nobodyhas 
unila1e,ali ncent ivestod,,,. iate 

• once th is equil ibriumis ,e;,ched, nobodyhasincent ives tomovefrom t here 

• This is aconceptofstability, butthereisnowayto ensu re ,or predict.thatthe 
game will reach t his equilibriu m 
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Beauty contest 

• ( 011siderthefollowinggameamong2people. Each individual se lects a nu mber. 
s;.bei-en20and60. 

Beautyconte,;t 

• Consider the f~lowinggamc "mong 2 pc<>ple. Each individual se lect>• nu mber, 
s;.between20and60 

• Let s_; bethenumber selectedbytheothe, individual. 

Beauty contest 

• ConS<derthe followinggameamong2peo ple. Each individua l se lecua number, 
s;.betwo,,,n20and60 

• Lets_; be t he number selectedbythe ot he, individual. 

• The uti lity function of t he individua l i is ~ 100 - (s; - ~s_;)~ ~ 
l),(J,.S•).-10'C> - ~, -l.s•; 
Ui~,,S..), IDO-[--fs,f 

Beauty contest 

The best rosponse of.in individual is give n by 

, _ {is-; ifs_,::, 40 s,(s_;) - 60 ifs_,>40 

TheNashequilibriumiswhereboth BRfunctiOl1sintersect (i .e .. when both play60) 

Pr iwne, 'sdilemma 

The best rosponsefunction,are· 

/NC 
BR;(s_;) = lNC 

if•-; = C 
ifL; = NC 

TheNa<hequil ibriumiswhereboth BRfunctiOl1si ntersect (i.e .. when both play NC. 
i.e ., (NC.NC)) 

~=(~ Gci) 
t t 

S· S" 

\J.lZ0W);:>1J(_ld]1 60) 

V.1ho;z.0)7 Uj (_~0,20") ...-1>:r~..r,~ 
\.'. V.,,lA_,..roS' 

,. J-r,,,~se 



Bestresi><>n"'ofl to2playing C 'St 

Pr iwne, 's dilemm~ - A trick 

Bestrespon..,oflto2playingNC 

Pr iwne,'sdilemma - Atrick 

Bestrespon..,of2to lplaying( 

Bestresi><>n..,of2tolplayingNC 

Wh~n unde rl ined fo, both pl"J"f$, it is a N3Sh ~ui li b,ium {both a,~ doing th~i , BR) 

Battle of the sexes 

'5, 

G e 
G 2..l 0,0 
P 0,0 l2 

BR;('-;) " {~ :::; : ~ 



.U o.o 
0,0 l,.l 

BR,(s_;)= {~ ::: : : ~ 

Th us, (G; G) y (P.P) are both Nash equilibrium 

Match ingpennies(Pa reso Nones) - Simultaneous 

>z 
,, 

Ma tch ingpennies(Pa reso Nones) - Simultaneous 

I 2 
(1.00Q,-1000) (-1000,ll!Q!l) 
-1000,lQQQ) (lQQQ,-1000) 

Ma tch ingpennies(Pareso Nones) Simultaneous 

I 2 
(1.QQQ,-1000) (-1000,1.QQQ) 
-1000,lOOQ) (ll!Q!l,-1000) 

ii ifs:,i • l 
BRi( s:,i) • 

2 ifs:.i=2 

BR2(st) • {2 ifs, a l 
I ,fs:,i=2 

Thereis noNash equilibri umin pu re s!fategi.,; 
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Relat ionsh ip to dominance 



Nashequilibfiumsorv ive lDSDS 

Theorem 
Every Nash equilibrium survi= the iterative elimination of strictly dominatM stra!egies 

~1.2, ~ C::J111,Al'll::>O 

Proof 

By contradiction· 

t- Suppose iti, nott,ue 

Proof 

By cont radiction · 

• Suppose itis not t,ue 

• Then - must have el imina ted ~ trategy in the Nash equil ibriums' 

Bycont ,.,diction: 

• Suppose itisnottrne 

• Then - must h" ve el imin.,ted some st rategy in the N.,sh equil ibrium s' 

• lets zoom in in the round where we first eliminate a strategy that is part of s• 

• Suppose itisnottrne 

• Then - must ha ve el iminated some st rategy in the Nash equil ibrium s' 

• Lets zoom in in the round where we first elimin"te" strategy th"t is part of,• 

• Withoutlossofgene,a lity..,,yw,, el iminatedthest rategy !i_ ofind ividua l_i 

Proof 

By cont radiction · 

t- Suppose iti,nott,ue 

• Then - must ha ve eliminated some st rategy in the Nash equil ibrium s' 

• lets zoom in in the round where we first eliminate a strategy that is part of,• 

• Withoutlossofgene,al ity..,,yw,,el im inatedthest r,;tegys/of indiv idua l i 

u,(!l_ .•-,) < u,~ . ._h;:,\.8 



By cont radict>Otl : 

• Supl"""' ilis nottrue 

• Then we mustha veel iminatedsomest ,ategy intheNashequil ibriums ' 

• Lets zoom in inthe roundwhere wefirst~iminate astrat egythatispartofs• 

• WithoutlossofgeMral itys,y..., elim inatedthe strategys; of ind ividua l i 

• ln p;,rticu la, 

• ltmusthave been that 1r 

"'~ ·-,h(~L,~ s.:l:>, • .,_ i1 s; 

u;(st .s ,•) < u;( s; .s' ;) .,l 

Proof 
Bycontradict>Otl · 

• Suppose itis nott,ue 

• Then we must have eli mina ted some strategy in the Nash equil ibrium <' 

• letszoomin in theroundwhe,e ...,r.rst eliminatea strategythat isp;,rtofs' 

• Withoutlossofge nera litys,yweeliminatedthe strategys; ofind ividua l i 

• ltmusthave beenthat 

u,(s;'.•- 1)< 11;(5; . s_ ;)Vs_;E S_; 

• ln p;,rticu lar 

• Butthismeanss;' isnotthe bestresponseofindividual i tos:_; 

Proof 

Bycont radict>Otl · 

• Suppose itis nott,ue 

• Then we must have el iminated some strategy in the Nash equil ibrium s' 

• Lets zoom in intheroundwhe ,e wefirst eliminate a strategythatis p;,rtofs ' 

• Withoutlossofgeneralitysaywe elim inatedthe st,ategys;' ofind ividua l i 

• lt musthave b.,enthat 

u;(<;' ,<-1)< u;(.s,·,<--i)V<--;E S-; 

• lnpanicular 
u,(s,'. <- 1•) < 11;(s; .s:. ,) 

• But th ismean•S;' isnotthe bestre,ponse ofindividual i tos:_; 

• Andt his isacontradiction! 

Nash equilibriumsurv ive lDSDS 

~ /DSDScoml'S~. !hatso/utk>llisaNashEquihbriumJ ~ '"'"""''"' ~t.!, <;J.c11fk 

1112- :r t>SDS 

First ld s proofitsa Nash Equi librium. Thefactthat isunique istrivial bythe 
previoustheo,em 

Proof 
By cont radiction 

• Supl"""' that the resu lts from IDSDS r_; l i, not a Nash Equilibrium 

Proof 

First let's proof itsaNash Equi libri um. Thefactthatisunique is trivial by the 
previoustheo,em 

Proof. 
Bycont radict>On 

• Supl"""'lha tthe ,esu ltsfrom IDSDS(s•) is not a Nash Equilibr ium 

• Forsome individualithereexits s; suc h that 



First let' • r,roof itsaNash Eq" il ib<i um. Tne factthat isuniq"ei, trivial by the 
f>r""iousth"°'em 

Proof 
By cont radiction 

• Su p- that the r...ults from IDSDS (s• ) is not a Nash Equ ilib<iu m 

• F0<50ffle individualitheree,itss; suc h that 

u;(s,,s:.,J > u,(s,' , s:. ,) 

• Bu t then ~ cooldnothavebeen elimina ted 

Proof 

Fim let 'sproof itsaNash Equi lib<ium. Thefactthat isun iqueistrivial by the 
"'""iousth""'em. 

Proof 
By cont radiction . 

• Sup- that the results from IDSDS (s' ) is not a Nash Equ ilib<iu m 

• Fo,some individualithe,ee, its5;such that 

u,(s;,s:.,)>u,(s,'.s:.,) 

• But then s,cooldnothavebeen elimina ted 

• Andt his isacontradiction! 
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Some examples 
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&amples 
Courn<>t Competitio,, 

CournotCompetition 

• We willapplythe conceptofpureNashequil ib,iumtoanalyzeoligopolymarkets 



CournotCompetition 

• We will apply the concept of pure Nash equil ibrium to analyze oligopoly ma rkets 

• Supposethatthere are twofi,msthat produce the same prodU<:thave zero 
margi nal cost of production 

CournotCompetition 

• We willapplythe conceptofpureNashequilibriumtoanalyze oligopoly ma rkets 

• Supposethatthere are twofi,msthat p,oduce the same producthave zero 
margi nal cost of production 

• If fi rm I and 2 produce q, a nd q, units of the commodity respect iV<'ly. the invers,, 
demand fu nct ion is given by 

P(Q) = 120 - Q, Q = q, + q,. 

CournotCompetition 

• We willapplythe conceptofpureNashequilibriumtoanaly,e oligop0ly ma rkets 

• Supposethatthere are twofi,msthatprodu" thesame producthave zero 
margi nal cost of production 

• If fi rm I and2 p,oduceq, a ndq, unitsoft hecommodityrespect iV<'ly. the inverse 
demand fu nct ion is given by 

P(Q) = 120 - Q.Q = q1 + q;,. 

• Stra tegy space is5; = [0,+oc) 

CournotCompetition ~ lc,'1"pi'r~ (:;6J CtiVll~~ 
• We will apply the concept of pure Nash equil ibrium to analyze oligop0ly ma rkets 

• Supposethattherearetwofi,msthatproducethesame prodU<:t have zero 
margi na l cost of production 

• If firm I and2 p,oduce q1 a ndq;, unitsofthecommodityrespect ively. the inverse 
dem.>ndfu nct ionisgiven by 

l P( Q) = g Q = q, + q;, 

• Strategy space is5; =[0, +oc ) ~(A.JH-oA-'7;:GS,_ O 
• The uti lityfunctionofplay,,ri isgivenby: ~ _-.,Jl"{"r, 

,,.,(<11 , <r,)=(120 - {q, + q,))q, . ...()~'tl--..J-tl."f) 
1f2(Q1,<r,)=(l20 - (q, +q;,))q, 

CournotCompetition 
'& ~ , Qo-U{,-':tt -:1' @~~= 1) 

• Are there any strictly domina nt strategi.-;? 

CournotCompetition 

• Arethereany strictlydomina ntstrategi.-;? 



CournotCompetition 

• Are there any strictly domina nt strategies? The answe, is n<l , why? 

• Are there any strictly dominated strategies? 

CournotCompetition 

• Aretherea nystrictlydominantst ,ategies? Theanswe,is J>O , why? 

• A,e the,eanystrictlydominated strateg;es? 

• The strategies ~ are strictlydominatedbythestrate~ 

CournotCompetition 

• A,e the,e anystrictlydomina ntst ,ategies?The answe,is J>O , why? 

• A,ethereanystrictlydominatedstrategies? 

• The strategiesq, E (l20,+oo) arestrictlydomi nated bythe st rategyO 

• Are there any others? given q_ ; 

tfi=t~{I20-q,-q_; )q; zo ~ 

CournotCompetition 

• Are there any strictly domina nt strategies? The answe, is"°· why? 

• Arethereanystrictlydominated strategies? 

• The strategies q; E (120,+=) are st rictly domi nated by the st,ategy 0 

• A,e the,eanyothers7given q_; 

~{120-q; -q_,)q, • 120-2q,-q_, 

• The,efore §O,st,i5tly dom inatesany~ ---1;>~i,,~..f.·t:{;1,6oJ 

CournotCompetition 

BR,(q_,)= l20;q-1_ 

CournotCompetition 

BR,(q_, ) a 120;q_;_ 

• fo, any q, E (0.60j. there exists some q_; E [O.+oo) such th at BR,(q_;) = q, 



CournotCompetition 

BR;(q_;)= l20;q- 1_ 

• f0< any q; E [0.60j, there e~ists some q_; E [0. +oo) such that BR;(q_;) = q; 

• Such a q; co n never be strictly dom ina ted 

CournotCompetition 

• f0< any q; E [0 .601, there t ~isu somt Q- ; E [0. +oo) such th at BR,(q_;) = q; 

• Such a q;c.o n nevorbestrict lydominoted 

• After ooe rou nd of deletion of strictly dom inated strotegies, we a,e left with 

~ 

CournotCompetition 

BR;(q- ;)= 120 ; q_ ;_ 

CournotCompetition 

BR;(q-1) • 120;q_;_ 

• q_; =(0,60) 

CournotCompetition 

BR;(q_;)= l20;q- 1_ 

• q_; =[0,60] 

• Thereforeq; € [0. 30) a,e strictlydominiitedbyq;=30 

CournotCompetition 

BR;(q_, ) a 120;q_, _ 

q_;=(0,60) 

• Aftt r two roundsofdtlttion ofstrictlydominattdstratt gies.we il•t lt ft with 

~ 



CournotCompetition 

BR;(q_,)= l20;q- 1_ 

• 45strictlydominatesa llmatogiesq,E(45,60] 

• After th ree ,oonds of delttion of strfet ly dominated strategies , ""' are left with 
S; = 13:g;$ 

CournotCompetition 

• 37.5 mfetly dominates al l strategies q; E [30.37.5] 

• Afterfourroundsofde let ionofstrictlydominatedstrategies . .,,,areleftwith: 

~ 

CournotCompetition 

• After (infinitcly)ma nyiterations.tf>eonly rcmainingstratcgicsa rc ~ 

• The unique solutionbylDSDS is qi • qi • 40. ---i> flJ 

CournotCompetition 

• There will a lso I>, a uniq ue Nash equilib<i um 

CournotCompetition 

• There willa lsoMaunique Nash equilib<i um 

se,(o-,) • "";'- ' : 1-('flC:~-i:) 

cf< \"Z.o-'.:(~ 
I ----z::-

i:i:.~ 
i.. 

CournotCompetition 

• Thercwilla lsol>caunique Nash equi lib,i um 

• At any Nash eq uilib<i um, ""' must ha,,.,, qi E BR1(qi) and qi E BR2(qj) 

CournotCompetition 
r,,. -rzo -t~; t-?.1r°' 

• There will a lso be a uniq ue Nash equilib<i um 

BR;(q-;) • 120;q_ ;_ 1zo _ -;_ q ~ "4? (~ o~ '1-, * 7 



CournotCompetition 

• There will a lso be a uniq ue Nash equi librium 

8R;(q_;)= 120 ; q_, _ 

• At any Nash equilibri um, wt, must hav,, qi E BR,(qi) and qi E BRi(qj) 

CournotCompetition 

• There will a lso be a uniq ue Nash equi libri um 

• At any Nash eq uilibrium, w,, must hav,,: Qi E 8R1(Qi) and Qi E 8R2(qj) . 

• We c;rnsolv,, forQ/ and<l,toobtain 

E 40.q2=40.0'=BO.n;=n2=1600 ] 

CournotCompetition vs Monopoly (cartel) 

CournotCompetition vs Monopoly (cartel) 

• lnaperfoctlycompet itivemarket . priceequals marginalcO'itand the total 
quant ity produced will be 0= 120 

CournotCompetition vs Monopoly (cartel) 

• lnaperf,ctlycompet itive market, pri«equal, marginalcost and the total 
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• The profits to each firm in the Cournot Comi,etition is less than ha lf of t he 
mooopolyprof;ts 

CournotCompetition vs Monopoly (cartel) 

• lnaperfoctlycompet itivemarket , priceequals marginalcO'it and the total 
quant ity produced will be 0= 120 

• A monopol ist v.<><Jld solve the following ma ximization prob lem: i\ 
m5x(i20 -Q}0 ~ 0' • 60.P• .. 60,~ ~c/J) 

• The profits touch firm in the Cou rnot Competition is I= than ha lf of t he 
mooopolyprofils 

• lnaduo~ly, external itiesareim~ontheotherfirm 

CournotCompetition - General case 

• nfirm,a,e competing;ila Couroot 

ii, ~1,iv3C>)~~-(1>?>o') ~ I 

)rr == ~o-Z:.t:f.t-;:,t> 

:;,~, B> .,s 7 
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• nfirmsare coml>"tingalaCournot 

• The in~rse demand function is gi~n by 

P(q, +q,+ . q.). 
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CournotCompetition - General case 

• nfirmsarecomp,t ingala Cournot 

• The in~rsede mandfunction isgi~n by 

• Supposethatthe costfunct ionisc,(q,)for fi rm i 

• To si mplify notation. let Q_; • L;,., </j 

mq~xp(q, + Q_ ,)q; - c,(q,) 

CournotCompetition Generalcase 

rr:,•xp(q, + 0 - ;)q; - c,(q,) 

• First orde r cond ition impl ies: 

q;~(q, + Q_;) + P{q; + Q_,) = ~(q;) 

q,~(Q) + P(O) • ~(q;) 

P(Q) - ~(q;)= - q;~{Q) 

P{Q)P~Q~(q,) = - ~P~}~(Q) 

P(Q) - i(q;) q; l 

~ • -o~Q,P(Q) 



CournotCompetition Gene,alcase 

• Therefore in a pure mategyNashequilibrium(qi , </:i ,, , q;)with 
O' = qi + qi + q:. we must have: 

P(Q' ) - ~ (qi) • _ _&_>_ 
P(Q·) O· t Q,P(Q•)' 

P(Q") - ~(</:i) _ _1i I 
P(Q•) - - Q• t Q,P(Q• )' 

CournotCompetition Generalcase 

• Supposeth;t allfirmsha~e><,octly the s..me costfunct;onc 

P(Q' ) - ¼ (qi) "' _ _&_>_ 
P(Q· ) O· t Q,P(Q· )' 

P(Q' ) - .it; (q.iJ _ _ _1i_>_ 
P(Q·) O· t Q,P(Q·)' 

CournotCompetition - Generalcase 

• l etusco.njKture thatthere..,ists a purestrategy Nashequilibriumthat is 
symmetric , in which qi = qi = · · · q: = q• 

CournotCompetition-Gene,alcase 

• let usco.njKt ure thatthe,eexinsa pu,e strategyNash eq uilibri um that i• 
symmetric, in which qj = </:i = , , , q~ = q• 

• lnthiscase Q' • nq• 

CournotCompetition - General case 

• let u,co.njKturethatthere e,,: ist, a pure strategyNash eq uilibri umthat is 
symmetric, in which qj = qi = .. , q; = q" 

• ln th iscaseQ• ,. ,,q• 

• Rew riti ng 

P(nq' ) - *(q') _ l I 

~-- ;; €Q,P(nq') 

Lecture 12: Game Theory // Nash equilibrium 
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Cartels 

• Sup- there are th,..., firms who faco "'° ma rginal cost 
• The inV<!™Odemand functionisgiV<!nby: 

p{q, + <n + qi) = l - q, - <n - '1:)= 1 - 0 

C;,rtels 

• Sup- there are th,..., firms who face zero marginal cost 
• The inV<!rsedemandfunctionis giV<!n by 

• The firstorderwnditiongives 

1 - 2q; - 0 - ; = 0 =* q; = I -20-; =* BR;(O- ;) = 1 -20-; 

Cartels 

• Sup- there are th,..., firms who face zero ma rginal cost 
• The inV<!rsedemandfunctionisgiV<!n by 

• The firstorderwnditiongi= 

I - 2q; - Q_; = O .- q; ._ I - 20 -i =" BR;(0- 1) = l - 20 -; 

• ln aNash equilibrium .,,., musthaV<! 

Cartels 

qi= 1 -q;-qj 

qi= I - q~ - qj 

qj= l - q1 - qj 

• Thee;,siest waytosolvethisfirst , let usaddthe thr...,equations toget 

o·= ~-o· "'""" o· = ~ 

Cartels 

• The easiestwaytosolvethisfirst , let usaddthe threeequations toget 

0 '= ~ - Q' =* Q' = ~-

(;,rtels 

• The easiestwaytosolvethisfirst , let usaddthe threeeq <J ations toget 

o· - ~-o· ...,.. o· = ~ 



Cartels 

., The easiest way to w ive this firs t, let us add the three eq uations to get 

o·=§ - o·=-o·=~-

• qj=q; =qi=¼ 

• Priceisp•=t/ 4andalllirmsgetthesameprofitsof l / 16 

C;,rtels 

• Two of the firms merge into firm A. while one of the firms rema ins single. call 
that firm 8 

Cartels 

• Two of the firms me,ge into firm A. while one of the firms remains single, call 
that fi rm 8 

., Each f. rmthenagain facesthe p,rofitmaximizat>On p,roblem 

Cartels 

., Tw::, of the firms me,ge into firm A. while one of the firms ~mains single. c;, 11 
that firm 8 

., Each firm thenagai n facesthe profitmaxi mi,ation problem 

Cartels 

., Solvingthi.: 

(;,rtels 

• Solving this: 

• The priceisthenp• • t / 3 

q:. =~ 
qf/= 1-/ :.. 



Cartels 

• Solving this: 

• The price is then p• = 1/ 3 

. . ' q~ = Qu= 3· 

• If t he profin are shared eq ually among firms I and 2 who have merged , then 
profitsoffi,ms l and2 are l / 18whereas firm3obu ins a profit ofl / 9 

C;,rtels 

• Solving this 

• The price isthenp•= 1/ 3 

• If the profits are shared eq ually among firms I and 2 who have me,ged , then 
profits of fi rms I and2are 1/ 18whereas firm3obu ins a profit ofl / 9 

• Fir ms! and 2suffe,ed.whilefi ,m3 ist>.tteroff! 

Cartels 

• Solving this· 

• The priceisthenp' = l / 3 

• lfthe profits a,eshared equallyamongfi,ms I and2who have merged , then 
profi tsoffi,ms I and2 are 1/ 18whereas firm3obta insa profitof l / 9 

• Fi rms! and 2suffered . whilefir m 3 ist>.tter off! 

• Fir m 3isobtai ning a dispropo,tionateshare ofthe joi nt profits(morethan 1/ 3) 

Cartels 

• Yoo might expectthat 3maywant tojoin thecartel aswell ... 

Cartels 

• You might ex~that 3maywant tojoin the ca,telaswell 

• ln t hemonop0l ist ..-oblem, we solve 

(;,rtels 

• You might expectthat 3maywant to_join the cartelaswell ... 

• ln themonop0l ist problem, we solve 

• Totalprofi ts t hen a,e given by¾ whic h mea ns that eachfirm obta insa profit of 

f:r <! 



Cartels 

., You mightexpectth-t 3m-ywantto joi n thec;,,telaswell . 

., lnthe mon<>pol ist ..,oblem, wesolve 

• Tota l ..,ofits t hen ,ue given by ¼ which mean, that each firm obta ins a >"Ofit of 

b < ~ 

• firm 3 clearly wants to stay out 

Cartels 

There a,e many ifficu ltiesassociatedwit h sustainingcollusive agreements(e.g .. t he 
OPEC ca rtel) 


