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Examp~ - Cont inued 
Cournot - Revisited 

Cournot Compet ition 

• N identical firm< compMing on the <ame market 

Cournot Compet ition 

• N identical firm< compMing on the <ame market 

• Ma rginal cost i<constantand equaltoc 

Cournot Competit ion 

• N identiu l firms compet ing on t he same market 

• Marginal cost i<con<tant andequaltoc 

• Aggrogate in serse demandi• 



Cournot Compet it >On 

• TheFOC/0<agi,en firmis· 

ol- b~q"-bq;-c • O 

• The sy mmetric "fash equ ili brium is given by 

q' = b{~-+'\) 

Cournot Compet it ion 

• TheFOC/0<agi,en lirmis· 

ol- b~q"-bq;-c • O 

• The sy mmet,ic "fash equ ili brium is given by 

CournotCompet it >On 

q' = b{.,N_+r:l ) 

t.1· = ;~: ~; 

P = o1- N(z~;) o 

n-i - ~ 
b{N + J)l 

• As N ~oo wegetdosetoi>erfectcom i>etition 

Cournot Compet it ion 

t.i = ;~: ~/ 

P • o1- N(z~;)o 
n-i = ~ 

b{N + I)' 

• AsN~oowegetclos,,tope,fect '1 

• ~ get the monopoly cas,, ,.., .:: f 
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S.mand Com pet ition 

Bertrand Competition 

O.°"'-"" 'I!"'; n~ 

• Considertheo1hemativemodeli n wh ich fam,>e1 pric .. 

• ln oligopolist ic models.this distinctiooi,very impo,t;,m 

Bertrand Competition 

• Each fi ,m simyltaoesusl, choosesa price p,E[O,+oo) 



Bertrand Competition 

., Assume th at t he ma rgin al ~nue funcl>On is strictly d~reasing (MR'(p;) < 0) 

R{p;) = p;Q(p;) {I) 

MR{p;) = Q(p;)+p;Q'(p;) {2) 

= Q(p;)( l +co.p(P;)). (3) 

Bertrand Competition 

., Assume 1ha11 hemargina lr""enue funct>Onisslfictlyd~reasing(MR'(p;) < 0) · 

R{p;) = p;Q(p,) 

MR{p;) = Q(p;) + p,Q'(p,) 

- Q(p;)( l + ! Q,p(p;)) 

Bertrand Competition 

,,, ,,, 
(3) 

., Assume th at t he ma rgin al ~nue funct>On is strictly d~reasing (MR'(p;) < 0) 

R{p;) = p;Q(p;) {I) 

MR(p;) = Q(p;)+ p;Q'(p;) {2) 

= Q(p;)( l +cQ,p(P;)). (3) 

., Let p"' > c ?: O be t he mono~y ~ ice such that MR(p"') = c 

MR{p;) - c > 0 if Pi< p'",MR(p;) - c < 0 if Pi> p'" 

Bertrand Competition 

., Wherec isthesmal lestmonetaryunit 

Bertrand Competition 

Bertrand Competition 

Case l : Pi > p'" 

... P:i - ?"' 

., BR,{p'")=pm - , 

Bertrand Competition 

Case l : Pi > p'" 

... P:i - ?"' 

., BR,{p'")=pm - , 

., BR,(p"' - ~) = p"'- 2,: 

Bertrand Competition 

Case l : Pi > p"' 

... P:i =p"' 

., BR,(p"')=p"' 

., BR,{p'"- t ) .. pm-2, 

., So thiscannotbeaNashequil ibrium 



Bertrand Competition 

Bertrand Competition 

"' BR1{Pi ) = pi- t 

., BR,{Pi -e)=pi -2e 

Bertrand Competition 

., So this cannot be a Na<h equi libriu m 

Bertrand Competition 

@'l~I 
"' BR1{Pi) E [pj +~.oo) 

Bertrand Competition 

Case): Pi < C 

"' BR1{Pi) E [pj +~.oo) 

., So this cannot be;,Nashequilibriu m 

Bertrand Competition 1 
! I 

Case4:~ 
... 

., BR1{Pi)=(c,+oo} 

Bertrand Competition 

Case 4: pj=c 

., BR1{Pi)=(c,+oo} 

Bertrand Competition 
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B<,,t,and Competition 

B<,rt,and Competition - different costs 

• Sup-thatthema,gina l costoffirm l isequal10 .a.,andthe mo1rgino1lcostof 
fi,m2i,equal toawhc,c ~ 

l,. P-1-! 
BR;(P- 1) • 

[c;,+oo) 

(P- ;, + oo ) 

Bertrand Competition - different costs 

ifp_,> p'., 

ifc1 < p-; $ p;,, , 

if P- ; =C; 

if P- ; < c; 

.,,,f .. 

• I t- . 
• lf ~ 1,thenfi,m2.....,u ld be makinga loss Cl. 

B<,rt,andCompetition - different costs 

• lfpj =Pi =CJ ,thenfi,m2wouldbe mak ing a loss 

• ~ thenfi,ml.....,u ldcutprices to kc,:pthe wh~ema rket 

B<,rt,and Competition - different costs 

• lfpj =Pi =CJ, thenfi,m2would be mak inga loss 

• If Pi = Pi = c.z , then fi,m I .....,u ld cut prices to kc,:p the wh~e market 

Bertrand Competition - different costs 

• lfpj = pi = <i ,thenfi,m2.....,u ldbe making a loss 

• If Pi = pj = c, , then fi ,m I wou ld cut prices to keep the wh~e market 

• Anypu,c>t ratcgyNEmu>tha•e J>:i $ c1. Otherwisc ,ifJ>:i > c1 then form I could 
undercutJ>:iand getapositiveprofit 

• Firm 1.....,uld rea lly like topr icoatsome pricopjju>tbeJow the ma,gin al costof 
fi rm 2, butwhen,ver~ i< sct , Fi,m ,.....,u ldtry to inc,..,asc prices 

Bertrand Competition - different costs 

• lfpj = pi = <i ,thenfi,m2.....,u ldbe making a loss 

• If Pi = pj = c, , then fi rm I wou ld cut price-; to keep the wh~e market 

• Anypu,c>t ratcgyNEmustha•e J>:i $ c1. Otherwisc,ifJ>:i > c1 then form I could 
undercutJ>:iand getapositive profit 

• Firm !would rea lly like toprice atsome prico pjjustbeJow the ma,ginal costof 
fi rm 2, but wherev1', ~ i• set , Fi,m I .....,u ld try to inc,..,asc prices 

• NoNEbeca usc ofconti nuou>pric .. 

Bertrand(ompetition discreetpric51 

• Sup- E =O < ci= .3 

r 
r,,r, 
I 



Bertrand Competition discreet prices 

• Sup-ci = O< c, = 10 

• Firm• u nool~setimegerpr ices. 

BertrandCompetition - disc,.,.,tprices 

• Sup-c,=0 < Q=l0 

• Firm•c•noolys,,t intege,pr ices 

• Sup- that~is a purestrategyNash"'lu ilibr ium 

Bertrand Competition discreet prices 

. 
po s,, of i,m · ,s tochoos,,some p) > p/ 

Bert,andCompetition disc,.,.,tprices 

Case t : Pi =O 

• Best responseoffi,m2i• tochoos,,somep) > pj 

Bertrand Competition - discreet prices 

Case 2: Pi E {1,2 9} 

Best response ofli,m2i•toset anyprice p) > Pi 

• lfp) > Pi+ l . t hen have anincemi.,., to ::i:c::: :i::•Nash "'luilibriumsincethenfirm l "M'.luld 

Bertrand Competition - discreet prices 

Case2: Pi E ~ 

Best response ofli,m2i• to set anyprice p) > Pi 

• lfp) > Pi+ l . then have an incemi"" to :: :~'::: ::: a Nash "'l uilibrium since then firm I "M'.lu 

• The only"'lu ili brium i~ 
-~ 

Bertrand Competition 

Case): ~ 

discreet prices 

• Best responsesoffirm 2istosetanypricep) c': Pi 



Bertrand Competition - discreet prices 

ca..,J: Pi =10 

• ~t ,,..,pons.-;offirm 2istoset anyp,ice p; :::,: Pi 

~(10) = 5 < 9 

Bertrand Competition - discreet prices 

Case 3: Pi = 10 

• ~t rcsponsesof fi rm 2istosetany p,icePi :C: Pi 

~(10)=5 < g 

• We must ha,,., Pi • Pi + I si nu otherwise, firm 1 would ha,,., an incentive to 
raise the p,icehigher 

Bertrand Competition - discreet prices 

ca..,J: Pi =10 

• ~t ,,..,pons.-;offirm 2istoset anyp,ice p; :::,: Pi 

~(10) = 5 < 9 

• We must ha,,., Pi = Pi + 1 si nce otherw ise, firm 1 would ha,,., an incentive to 
raisethe p,ice higher 

• E ) • (IO.ll)isa Nashequilibrium~ 

Bertrand Competition - discreet prices l P, 
I 

c~ 

~ m2is to setPi= ll 

0 10 II 

Bertrand Competition discreet prices 

Case 4: Pi =11 

• ~, ,,..,ponse offi,m2is to setPi= ll 

• Firm I would not be t>...t r"'4'0nd ing since by sett ing a p,ice of p, • 10, it wou ld 
gets!fictlypositive profits 

Bertrand Competition - discreet prices 

\-
~ 

~ istoset cithc, Pi=P:i - lo,Pi=Pi 

0 

BertrandCompetition discreetprices 

ca ... s: Pi :::-: 12 

• Firm l's best rcsl)OOse is to set cithc, Pi= pj - l Of Pi= Pi 

• Firm l isnot t>...t rcspond ingsincc bylowcring thc ?ficcitcangctthcwholc 
ma,ket 
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Bcn:rand (om pct ition 3Firms 

r !' 
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Bertrand Competition - 3/irms 

Bertrand Competition - 3firm, 

"' Symmetr>C marginal costs model but with 3 firms 

., Best respon"'• .2!0<-"li, __ ..._ ______ _ 

7, .. ~·'P:1 

""""\---it---..:.i'H 
C. 'i'"' 

Bertrand Competition - 3/irms 

"' Symmetr,C marginal costs model but with 3 firms 

., Best ,espons,,of/i,mi is gi,,.,nby 

BR1(P1-P3) • mi n\p,.P3J-~ 1
,. 
(c,+oo) 

(min{p,,P3), +oo) 

if min{p,,pJ } > pm, 

ifc < min{p,,pJ) $ p'", 

ifc=min{p,,pJ ), 

ifc > min{p,,P3 j 

.. t ,,.c)isi~• eurs •t ••te~uilibr~ inthc twofir mf:i} 

Bert,andCompetition - 3firm, 

"' lf(PJ,p,.PJ) was a pu re strategy Nash equi libriu m, it can nC\lef bethecas,, t hat 
min{PJ .p,,PJ} < c 

Bert,and Competition - 3firms 

"' lf(PJ,p,.PJ)wasapurestrategy Nashequi libri um , itcannC\l<!fbet hecas,, t hat 
min{PJ.p,,PJ} < c 

"' lf(PJ,P>-Pl)w;,s;,pu rcstratcgyNashequi librium , itcannC\l<,,bet hecas,,t hat 

m~ 

Bertrand Competition - 3/irms 

Bertrand Competition - 3/irms 

"' lf(p, ,p,.PJ)wasapurcst,ategy Nashequilibri um . itcannC\l,,rbct hecas,,t hat 
min{PJ. , P>,Pl) <c 

"' lf(p, ,p,,PJ)wasapurcstrategyNashequi librium. itcannC\l,,rbet hecas,,t hat 
min{PJ. , P>,Pl) > c 

"' Wc mustha,,., mi n{PJ,P>,PJ } =c 

., Ca n t he,ebea purestrategyNash equ ili brium inwhich justoneli,msetspr>Cc 
equal toe? 

Bertrand Competition - 3/irms 

"' lf(p, ,p,,PJ)wasapurcstrategy Nashequilibriu m. itcannC\l,,rbet he cas,,t hat 
min{PJ. , P>,P.l) < c 

"' lf(PJ,r>,,PJ)wasapu,.strategyNashequi libri um , itcanneve,bethecas,,t hat 
min{PJ, r>l,Pl) >c 

"' We mustha,,.,min(PJ.r>,,Pl) =c 

"' Ca n t herebea purc strategy Nash equ ilibriuminwhich justoneli,msetspr>Cc 
equalto c? 

lk 



Bertrand Competition - 3/irms 

• lf(p, , p;,.p,) was a pu re strategy Nash equilibrium. it can nev,,r be t he case that 
minfPI , Pl , P,) < c 

• lf(p, , p;,,p,)wasapurestrategyNashequilibrium. itcannev,,rbetheca>e!hat 
min{PJ. , Pl,P,) > c 

• We musthavemin{p,,p;,,p,}=c 

• Ca n t here be a pure strategyNashequ ilibriuminwhich justone firm...Upr>Ce 
equaltod Nosince thatfirmwouldwant!oraise hispricea bit and gel str ictly 
better profits 

• There must beatleasttwofirmsthatset priceequa l tomargina l cos! 

Bertrand Competition - 3firms 

• lf(PJ , Pl,p,)wo1so1pu re stro1tegyNashequi librium, itcanneverbethe case t hat 
min{PJ. . p;, , p,} < c 

• lf(PJ,P:/;,p,)wasapure strategyNash eq ui librium, itcannev•:rbethecase t hat 
min{p,.p;, , p,} > c 

• We musthav.:mi n{PJ-Pi , PJ} = C 

• Cantherebeapure strategyNashequ ilibriumin whichjustonefi,msetspr>Ce 
equal toe? No sincethat firmwouldwanttora ise his price a bit and get strictly 
better profits 

• There mustbe atleasttwofirmsthat set price equa l tomargina l cost 

• Setofallpu re strategyNashequilibria are given by: 

114) jr•O (T.d 

~~~ 
I I 1L--i 

(, 

~ -, +~1 - ~2::: 0} U {(£ ,C +~, ;J • t?: O) u {(c+ ~. ~ ) · t ?: O) Jl~ .. ,,as) 
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Hotel ling and Vot ing Models 

Hotelling 

• Twolirmsi=l , 2dec>de 1oproduce hetemge,,eousproductsx1,x, E [0, l ] 

Hotelling 

• Twofirmsi=l , 2dec>de!oproduce hetemgeneousproductsx1,x, E [0, l ] 

• x1,x,represents!he characterist>Cofthe product 

Hotelling 

• Two fi rmsi • l.2dec>de toproduce heterogenecius producux1.x2 E [O, l ] 

• x,.x2 repr.,...ntsthe cha,acterist>Cof the product 

• For e><ampte, thiscou ldbe interpreted asa model inwhichthe,e isa "l inear city' 
repr ... nted by the interval (0 , 1) 

Hotelling 

• Two fi rmsi • l.2dec>de toproduce heterogenec,us producux1.x2 E [O, l ] 

• x,.x2 repr.,...ntsthe cha,acterist>Cofthe product 

• Fore><ampte , thiscou ldbe interpretedas a model inwhichthe,e isa "l inear city' 
representedby1hein1erval(O, l) 

• ln this interpre1a1ion . the fi rmsareeachdecidingwhere tolocateonth is line 

Hotelling 

• Twofirmsi • l.2dec>de toproduce heterogeneciusproducux1.x2 E[0.I ] 

• x, ,x, repr= ntsthe ch:,,acterist>Cofthe r,roduct 

• Forexarnpte, thiscou ldbe interr,reted as a rnodel inwhichthe,e is a "l inear city' 
rer,rese ntedby the interval(O, l] 

• ln this interpretation,the firmsareeac hdecidingwhere to loute onthis line 

• Consumersare uniform lydimibu1ed ontheli,,..(O,l] , where OE [O, l ] represents 
theconsumer< idea l type ofr,roductthat he wou ldliketoconsume 



Hotelling 

., Two firmsi - l.2decKle toproduce hete,ogene<>us productsx1.x2 E [O,l ] 

., xi.xi represents the cha,acterist>C of the product 

., For e,,:amp~ , this cou ld be interpreted as a model in which the,e is a "'l inear city' 
representedbytheinterval{O,l) 

• In this interpretation. the fi rmsareeachdecidingwhere tol<>cate on t his line 

• Consume,sareunifofm lydimibutedonthe line(O.l) , whereO E [O, l ] represents 
the consume,sideal type ofproductthat hewouldlike !oconsume 

• lft helirmsi=l,2respecti,,.,lyproduceproductsofcharacteristicx1 andxi , t hen 
a consumeratOwou ldconsume whicheverprod uct i< closesttoO 

Hotelling 

• Twofirmsi=l , 2dec.de toproduce hetemge,,eousproductsx1,x, E [0, l ] 

• x1,x,representsthecharacterist>Cofthe product 

• Forexampffi, thiscou ldbe interpretedasamodel inwhichthere i,a "l inear city' 
repreSe ntedbyt he intcrval{O , l] 

., ln this intcrpretat ion,the firmsare eac h decidingwhcreto loc.atc on t his linc 

., Consume,sa re uniformlyd ist,ibutedon t he line(O , l] , whcre OE [O,l ] represents 
the consumer<Kleal type ofproductthat hewouldlike toconsume 

., lft hefi rmsi - l.2resi>ecti,,.,lyproduce productsofcha,acteristicx1 andx:,.t hen 
a consumerat0wouldconsume wh icheverprod uct isclosestto 9 

• Thega meconsistsofthe two pl aye r< i= 1,2, each of whom choosesa 110int 
x,,x:,E[O, l ] <imulta neously. 

Hotelling 

xi x-xi x2 -x I-xi 

"~' 
'J.-)(,-:. ~.,,-'/. 

.. ll.i,\-lCl 

Hotelling 

'1,~~i 
?., 

' if ~ , 

;:,;~ ~::::•: '"" """' <o fom ffo, ,,~o ~'"' mass of coosom'" '"" ,,. 

u,(x, ,x,)= ½ ifx1 =>';! .. 

1 -"-t" ,I ~ 

Si milarly, 

Hotelling 

Then tl>e profits that accrue to firm 1 is gi,en by the mass of consumer< that a,e 
closest to firm I 

1'¥ ;r,, q 
u,(x1,"'.2)= ½ ifx1 =>';!, 

1 -"-t" ifx1 > "'.2 

Si milarly, 

11-~ ifx1 < x2, 

ui(x1.>';!)= ½ ifx1 • x2, 

Hotelling 

Computethebestresi>0<1se functions 

~ ifx1 > x2 

., Case l : SuppOSefirstthat"'.2 > 1/ 2. Thensetti ngx1 again>t>';!yieldsa ?,1yoffof 

Th i>ut ilityfunctionhas a discontin uityatx1 =xi a ndjumpsdownto l / 2at 
x, • x:,. There will benobest re<pc,nsefo,firm I (trytosetasdO'ie tothe left 
tho otherfirm aspossiblo} ~ 

Hotelling 

Compute tho best '"'i>O<'"' functions 

., Case l : SuppOSefirstthat"'.2 > 1/ 2. Thensetti ngx1 again>t>';!yieldsa ?,1yoffof 

Th i>ut ilityfunctionhasadiscontinuityatx1 =xiand jum psdownto l / 2at 
x, • x:,. There will benobest re<pc,nsefo,firm I (trytoseta<dO'ie tothe left 
tho othorlirm aspossiblo} 

• Case 2: SuppOSene><t that>';! < 1/ 2. Aga in there will be no be<t response for 
fi,m I (trytosetasclosetotho rightt heothor firm aspossible) 

Hotelling 

Computethebestresi>0<1sefunctions 

., Case 1: SuppOSefi~that x:, > I / 2. Thensetti ngx,againstx2yieldsa?,1yoffof 

1'¥ ;,,. o ,. 
u1(x1.x,} • ½ ifx1 = X2 , 

1 -"-t" ifx1 > x2. 

Th isut ilityfunctionhas a discontin uityatx1 - "'.2 a ndjump5downto l / 2 at 
x, = "'.2 - There will be no best res110nsefo,fi rm I (trytosetasclosetothe left 
theQthcr fi rm as possible) 

• Case 2 : Suppo>eno,t th at>';! < 1/ 2. Againthere willbe nobestresponsefor 
firm I (t rytoset asclosetotherighttheother fi ,m aspossible) 

., Case 3: SuppOSenextthat"'.2 - 1/ 2. Here there willbe a best response fo,fam 
latl / 2 

Hotelling 

Symmetrically.we have: 

~ 
ifx2 > 1/ 2 

BR,("'.2) = '~/ 2 if x:, • I / 2 

~ if "'.2 < l / 2 

( 0 ifx,> l/2 ' 

6 X .l. 

\-:'"'"' I 
Xz. 

1., '/11,. ~ I 
~ 'l, 
!::f f,1t.ttAz. 

Y.•Kt 
I -1' 

-.:- j•-¥J 
4-
~ 

I I I . I r i 

~~ 
'f. 1-1<. 

~ ~I 
ov-v-J f<L 1/z_ J_ 

X1 

~-----:---;t--------1 
l/7., 
X-z, 



BR,(x,)= {~/2 
The uniq ue Nash equilibrium is for each ,rm to ch<>OS<' (x,,x2) = (1/2, 1/2). Each 
firm .,....,nt ially loutcs in t he s.,mc place ~ 

Hotelling 

• Hotelling u nal50 bedon9 in ~discteet ~ 

• H0td ling,:.;,nbeappliedtoa,arictyol situat ions(c .g.,voti ng) 

• Butthispredicts thcoppositeofpola riufon 

• Wit h,th ree ca nd idgtcs,predict""1sarequitedifferem 

• Al l ,:.;, ndidatcspic~ing ½ isno longer a Nash equ ilibrium 

• Wh:,t a,.thc s.,tol pu"strategyequilibriahcrc1 (th isisadifficult problcm) 


