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Mixed strategies 

Consider rock/paper/scissors 'S,&. 

Rock Paper Scissors 

,C Rock 0,0 -1 ,-1 
-1 0,0 

- 1,1, J .-1 0,0 

(ab ili tyhasnothingtodowith your chances of 

Mixed strategies 

Consider rock/pcper/scissors 

Rock Paper Scissors 
Rock 0,0 -1,1 1.-1 
Paper 1.-1 0,0 - 1,1 

Scissors -1.1 1,-1 0.0 

"' This game is ent irely~tochastic (ab ili ty has nothing to do with your chances of 
win ning) 

"' The probabil ity of winn ing with every st rategy is the same 

Mixed strategies 

Consider rock/paper/~isscir, 

Rock Paper '.::iciss.ors 
Rock 0,0 -1 ,1 1,-1 

1,-1 0,0 U 
1.1 1.-1 0,0 

(ab ili tyhasnothingtodowith your chances of 

., The probabil ity of winning with every st rategy is the same 

., Thus, people tend choose randomly which of t™' t hreeoptionsto play 



Mixed strategies 

Consider rock/paper/scissors 

.. This game is entirely~tochastic (ab ili ty has nothing to do with your chances of 
winning) 

.. The probability of winning wit h every strategy is the same 

.. Thus, people tend choose randomly which oftfle t hree options to pby 

.. We would li ke the concept of Nash equ ilibr ium to reflect this 

Mixed strategies 

Defi nition 
A mixed strategy a; isa function a,: 5,--+ [£J.I such that 

0 
.. ~ represents the probability with which player.: plays~ 

Mixed strategies 

Definition 
A mi:,:ed strategy a; isa function a, 5,--+ [0. 1] such that 

I>,1,,1- 1 
<:CS; 

.. u,(s;) represents the probability with which player i plays s, 

.. A pure strategy is simply a mixed strategy a; that plays some strategy S; E 5, 
with probability on~ 

Mixed strategies 

Definition 
A mi:,:ed strategy a; is a function a, S, -4 [O , 1] such that 

.. rr;(s,) re presents the probability with which player i plays s, 

.. A pure strategy is simply a mixed strategy a, that plays some strategy s, E 5, 

wi<h p,oc.b'''" o"' 91 (J,):.J.. ,._. 1,~E:11,A 
.. Wewi ll denote thesetofallmixedstrategiesofplayeriby'l§l 

Mixed strategies 

a way to define how 

Mixed strategies 

Mixed strategies 
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Mixed strategies 

Mixed strategies 

,, , (a, ,a, . ,a,,) - ~,,, (>, ,>, , , ,,,)~~ ff.( !Ji) 
., a,,_,,_m_e m~ .1ying randomizing over~ 

wi<h \(,e ~:···)Ur1..,,u'f:,li(,."'1 
., Theexpectedut1htyofplay1ng"ro~J~ 

1 
'A •J_J-p~T,~) 

E(U;~ ,"-;))= 12 +~U\.:. 

., Ii I'm randomizing over rock and scissors (i e., rri - (;• 0,1)) then 

E(U:(u,u-:)) - J] t JD t !1 t 1D -: 
-- -~~-- ~ ...,;.. -;;-

Mixed strategies 

Definition 
isa Nash equili brium if and only if 

",(a[ , a";) O a,(a,,a'.) -- . forall cr ;<;I:, 
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Mixed strategies 

Definition (Mixed Strategy Dominance Definit ion A) 

Let rr, ,,-,-; be two mixed st rategies of player; Then "i strictly dom inates ,r; if for all 
mixed st rategies of t he opponents, r, ;. 

Mixed strategies 

Then u; strictly dominates u; if and 

Proof- Part 1 

., Since S_,,;; :[_ ,, ifr,;strictly com iria tescr: 

Proof- Part 1 

., Since S- , ,;; :i:: _ ,, if<1; mictlycomiriates'.l': 

u,(<J',,L;)>u,(rri,>-;) 



Proof - Part 2 

Proof- Part 2 

• Toprove theotherdi=tion, suppo<e th atfo, all s 

• Foranycr 

Proof- Part 2 

.~,. ~ 0,(, )0- ,(>-,)•, (>,'-,) 

,:;;; "-,1'-•lf •,(»l•,l•.'-,I 

'-~-, cr- ,(>- ,)V, (cY,,>- ,) 

• To provcthcot hcrdircct ion , suppose that fora ll s, :: S_,, 

• ForanycY-

Mixed strategies 

~ ,•-~-a,(s,)a - ,{>- ,)u,(s,,>- ,) 

--~-"''' "~'''"'"''"·''' 
, ~ " ,( < .) C'.(cr,, < ,) 

Defi nition (Mixed Strategy Dominanc~ 

Let rr, ,,-,-; be two mixed st rategies of player; Then "i strictly dominates rr'. if for all 
~ es of the opponents, ~ 

11;(a, ,s_,) > 11,(a'.,L,) 
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Examples 

Battle of the sexes 
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Battle of the sexes 

• There are two pure 5trate gyequ ilibria (G, G) and (P,P) 

Battle of the sexes 

• Th-,,e dfe twu pure ~trdte gy equ ililx id (G,G) dJl tl (P, P) 

• We now look for Nash equ ili bria that . mvolvera ndomizat io nby t heplayers 

Battle of the sexes 

• Let.\ 

Battle of the sexes 

• Let.\ 

Battle of the sexes 

• Let.\ 

G which player 1 choos.es G and 

G which playe r 1 choos.es G and 

u, (.\.q} =2.\q + (1 .\)(1 q) 

G which player 1 chooses G and 

- .. 
qbe theprobability 

qbe the pro bab ility 

qbe theprobability 

• Ca ui(.\,q)-2.\ 
.\ =sel l : lfq > l/3, t hen2q > 2~3 q + (l .\)(1 q) I > 1 - qand the refore. th b e estresponse is 

Battle of the sexes 

• Let.\ G whkh playe r 1 choos.es G and qbe the pro bab ility 

• Case 1: If u1(.\ , q) =2.\q-(1 
• ,~ f q> 1/3, ,he, 2q > 2/3> 1- - \)(1 - q) 

~~io'./ q - 1/ 3, ehea 2q - 2/ 3 - q aad ehecefo,e, ehe b~e ,~poase is 
1 -q;indtherefore the best responses 

Battle of the sexes 

• Let.\ G which player l chooses G 

_:_ ___!_ • 

andqbetheprobability 

• Case 1: If . ui(.\,q) = 2.\q-(l 
• , ~ 1 q> 1/3, ehea2q>2/l> 1- - \)(1 - q) 

~~io\i" q ~ 1/3, ehea 2q ~ 2/ 3 ~ 1 q aad ehecefo,e, ehe b~ e ,espoase is 

• ~:seo 3, If q < 1/3 ehea 2q < 2/3 - q aad ehe,efme, ehe bes< ,~poose is 
<1 qand therefore the best respons.e is 

Battle of the sexes 

• Let,\ Q e the probability G which player 1 chaos.es G and b 

ntZ-~ ~ &-, i -o( J) 
Mti1(!Z,~L>y 1-~)) 

)l 
\ 

o,o 

ft(_b~ f..,~(P) 

Ov-=- "', 1- I'-} 

~ V.ilt> 1 Oz,} z..\ + 
' . . - " \ ,.._ ' 



Battle of the sexes 

G wh,ch player 1 chooses G and q be the probab,hty 

u1(>-,q) =2>-q + (1 .\)(1 q) 

.. ~:Mil 1: If q > 1/3, then 2q > 2/3 > 1 - q and there fore. the best response is 

.. ~aEi/:( q - l/3, then 2q - 2/3 -1- q Jnd therefore, the best respoose is 

.. ~:seO 3: If q < 1/3, t hen 2q < 2/3 < 1 q and therefore the best r~sponse is 

.. Thus, the best response function is given by 

{
1 if q > 1/3 

BR1(q) = [O,l] ifq =l /3 

0 if q < 1/3 

Battle of the sexes 

Simi larly we can calcu late the best response function for player 2 and we get 

J l if,\> 2/3 

BR?(>-)= l ~0 . 1] :; ~: ~;! 

Battle of the sexes 

1 ____ ______ beta2(A) 

i beta1(q) 

0 ; ,\ 

.. There are t hree points where the best respons.e curves cross: (1,1),(0; 0,),(i,½) 

Battle of the sexes 

1 ____ ______ beta2(>-) 

i beta1(q) 

0 ; ,\ 

: ;.hereJrethree pointswherethebestrespons.ecurvescross: (1 I) (0. 0) (2 1) 
1' st two are the pure strategy NE we had found before ' · · ·; 11 

Battle of the sexes 

l ---- - ----- l.,etJ2(,\) 

~ b e t a 1 ( q ) 

0 ; ,\ 

.. There are t hree points where t he best response curves cross: 1 1 0 ~ l 

: First two are the pure stra tegy NE we had found before ( ' ),( .0,),( 3, 3) 

Last is a strict ly nuxed NE: both players ra ndomize 

.. Cons ider 7 1 -(!,¼,¼,¼) 

\:,1(3 
St ~= l /-s ~ cJc::0rr-oc) 

s, \ ~ L-. I h <><-&fE'rl] 

Sl 

5 (Y,,,fw~(S1 ~ G) 
l- -
~ u "l, l?"I ;:_lo<_/ 1-o(_\ ') -;:: j_, • ol_ t O '0- ex'._) :_ ol__ 

Vi-(?-[ "'~, (~ ~ Ip) :: C) • CJ\ +-LG-~) ;c z_ -L CK 

(J/f ?lb f A/b ~ --=--- ~ 
> -z....- ol... L 0/ ~ rJ_--;:.. Z,. I 3 

1~:;,L 
~?43 



"' Consider 71 = (½. ¾, ¼, ¼l 

.,_ t:: U( E,a1)=10} + 4}--t- 2{ -Hi=S.5 

"' Cons ider 71 -( t¼,¼,¼) 

.,_ EU(E, a iJ-10!+4¼+ 2¼+ 4¼-S.5 

.,_ J: U(F.a1)=3}+2¼+4{ + 3~=3 

"' Conside r 71 = (l,¼,¾,~) 

.,_ EU(E, ,,.1)=10! + 4~+ 2{ -+-4~= 5.5 

"' Consider 71 = (~- }, }, ~) 

.,_ EU( E,0-1) =10! + 4¼+ 2{ -+-4 ~ =5.5 

.,_ F. U(F,rti) -3½+ 2¼+4{+3~-3 

.,_ Then BR,(a ,) = {(p.O, 1 - p),p E [O, 11} 

"' G dominates F (p layer 2) 

"' G dominates F (playe r Z) 

"' D domi nates B (player l ) 

°5L 
Redu ced game 

"S 1 

"' Note that u, = {p.O, l - p) with _ ; 

: ~~h, E) ~ 5p + 2(1 - p) ~ 3p:; 1 domioa<es C 

(a, ,G)= 3p + 8( 1 p)=B Sp 

-'-
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4s' L 

~7<1 ----
J__ 

l 

&-A~ -Sc 
-I\ ( .-, 



., Note that ,,-1 = (p, 0,l- ) w· , 

., t: U(O"t, t) = 5p+ 2(l - :) = 1:::; ! dominates C 

: t: U(0"1,G) = 3p+S(l - p) = 8 - 5p 

E U(o-1.E) > U(C, E) 
3p+2 > 4 

2 
p > 3 

F. /J(rr,,G) > <'. /J(C,G) 

8-Sp > 3 
5 

p < 5- 1 

-:;,._ 
Reducec .:ame 

Jj (-~ 
E G 

D<.. A 5.10 3.4 
I- D 2, 4 8,4 

~ Lcts iind BR,(o-; = (q,l q)) 

., Lets iind BRi(a2 = (q.l - q)) 

., J: U(A, a2)=Jq t 3(1 q)=2q t 3 

., Lets iind BR, (a2 = (q,l - q)) 

., J: U(A,o-2) = Sq t 3(1 q) = 2q t 3 

., t:: U(D. o-2)=2qt8(1 q)=B 6q 

., Lets iind BRi(rr2 = (q.l q)) 

., t: U(A ,o-2)=5q + 3(1 q)=2q + 3 

., E U(D, o-2) = 2q + 8(1 -q) = 8 - 6q 

~ S 6q > 2q 3 if ~> q 

., Lets iind BR,(rr2 = (q,l q)) 

., E U(A, o-2) = Sq+3(1 - q) = 2q + 3 

., J: U(O.,;2)=2q t 8(1 q)=B 6q 

., S - 6q > 2q -3if~ > q 

., S - 6q <2q - 3 if ~< q 

_, . ., 
.:= 



• Lets i ind BR1(a2 = (q.1 - q)) 

• F. U(A,02)=5q t 3(1 q)=2q t 3 

• .t: U(D, a 2) = 2q + 8(1 - q) = 8 - 6q 

• 6 6q>2q 3 if ~>q 

• 8 6q < 2q 3 if~< q 

• Thus 

{
"• ~ 10,,1 

BR,(q,1-q)- a1 = (l.O) 

J1 = (p,1 - p) 

• Lets i ind BR2(a1 = (p.1 p)) 

• Lets i ind BR2(a1 = (p , 1 - p)) 

• EU(rr1,E)=10p - 4(1 - p)=6p + 4 

• Lcts i ind BR2( ,,-1 = (p,l p)) 

• EU(a1 , E) = 10p - 4(1-p) c= 6p + 4 

• EU( rr,,G) = 4p 14(1 p) = 4 

• Lets i ind BR2(a1 cecc (p, 1 - p}) 

• EU(0"1,E)=10p - 4(1 - p)=6p + 4 

• J: U(0"1 ,G)=4p+4(1 - p)=4 

• 6p +4 >4 if p >0 

• Lets i ind BR2(,,-1 = (p,1 p)) 

• EU(0"1 , E) - 10p - 4(1-p) - 6p + 4 

• EU(rr1,G)-4p + 4(1-p) -4 

• 6p t 4 > 4 if p> 0 

• 6p+4 <4 if p < 0. 

• Lets i ind BR2(a1 = (p , 1 - p)) 

• EU(rr1,E) = l0p 4(1 p) = 6p I 4 

• J: U(a1,G) =-- 4p+4(1 - p) - 4 

• 6p I 4 > 4 if p> 0 

• 6p t 4 < 4 if p <0 

• Thus 

\
a2=(l,O) 

BR2(P, 1 - p) -
a2 = (q,1 - q) 

if p > 0 

ifp =O 

-'-



'E . : i ··· ' 
0.0 U o, . , ~- 10 

NE= ((A, E),(D.o-m whereui = (q, I - q) and O :5. q Si "--


