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Mixed strateg ies 

Consider rock/paper/sc issors 

Mixed strateg ies 

Consider rock/p~per/sc issors 

.,. The proh;ihil ity of win ning with ev<>ry str;itegy is the s;ime 

Mixed strategies 

Consider rock/paper/sc issors 

"' The probabil ity of winning with every strategy is the sa me 

"' T hus , people tend choose ra ndomly which ofthethreeoptionsto play 

-'-



Mi><:edstrategies 

Consider rock/paper/sc issors 

,- The probabil ity of winning with every strategy is the same 

~ Thus, people tend choose randomly which ofthethreeoptionst::,.ilay 

~ We wo1Jld like t he concept of Nash eq uil" bri1J m to reflect this 

Mixed strategies 

Definition 
A mixed strategy u, is a func tion a;: ~ --+ J2_ll such that 

~ 
l:!.---J 
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47.:ser,;, 

~ ~represents the proba bility with which player i play~ ~·{!•\·\) 
Oi•(i,c,,l) 

~ 
Mixed strategies 

Definition 
A mixed strategy u, is a funct ion a; 5;--+ [0, 1] such that 

L u,(s,) = 1 
~·E S, 

~ u;(si) represents the probability with which player i playss, 

,- A pure strat egy is simply a mixed strategy u; that plar., some strategy !i; E 5; 
with probabi lity one 

Mixedstrategie5 

Definition 
A mixed strategy u, isa funct ion a; 5;--+ [0,1] such that 

L,,(,,1 ~, 
~·~S, 

~ u;(si) re presents the probability with which player i playss, 

~ A pure strat egy is simply a mixed strategy u; that plar., some strategy !i; ,c 5; 

with probabi lity one 

~ We will denote the set of al l mixed strategics of player i b@ 

Mixed strategies 

Mixcd stratcgic5 

Mixed strategies 



Mi><:edstrategies 

~ ::h "'T(te~::~i:(~~½-is½lti-dV;it~ and ~ 
~ The expected util ity of playing "ro'"ck" is J 

l l 

E(U,(,; k ~ \: .... ?@l&k ~~ 11"5VZ.4 

Mi><:edstrategies 

E(U1{rock.a i))= - 1~ + 1~=0 

~ If l"m randomiz ing over rock and scissors (i.e. , a, = ({.o. ½ll then 

£(U, (u.o-- ,)) - + ,odi. +Ki ~ i - ---
Mi><ed strategies 

isa Nash equilibrium if.:rndonly if 

u;(a,'.,a'.':.;) 2: u;(a.,,a'.':.1) 

for all a; C Li 

Mixedstrategie5 

Definition (M ixed Strategy Dominance Definition A) 

Mixed strategies 

lf'1;isbettertha. n'1;nom, tterwhat ~yopponentsplay.the n rr;isa.lso 
strict ly better than ,:1-nomatterwhat ~ies opponentsplay -

Theorem 
be two mixed strategies of player i. Then u; strictly dom,nates a; if and 

i E 5 

Proof- Part 1 

Proof- Part 1 

~ S·nc~ S-1 ,;: J:_ ,_ ii o-, strictly dom inates o-' 



Proof - Part 2 

., Topro..,the ot herd irect io n. , upposet hat fora ll s ;f'S 

Proof - Part 2 

.. Tal)m;e theotherd irection.supposet hatfora ll s , c s 

,) > u,(,{s ;j 

)= ~---~-,"· (•,k ; (<,)u.(<.,<,) 

- ~" ,) .;c,,(<;)u, (s., s ,) 

.~ 

Proof - Part 2 

.. Topm;etheothcrd ircct ion,suppoocthatforo ll s ,c s 

., Fora nyc,_,, 

Mixedstrateg ie5 

"·'"" ,, ~ I ._i,;_,"· '' '" ,,, ,,.,,.,., 
-~ c,,(s,) .;c,,(s;)u, (s.,s ,) 

,_f_"- -(<- ,) u,(7,. <-, ) 

._½_ ·-~-

Definition (M ixed Strategy Dominance Defi nition B) 
Let rr;,c,) be two mixed st rateg ies of player i . Then a; str ictly dom 'nates a; if for a ll 
purestrategiesoftheopponents, L; CS-i, ~ 

,, 1,;:, ,,)>o,i;: •,) ~ 
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Exampl~s 

Battle of the sexes 

B;;ttleofthe~xe, 
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Battle ofthe5exe5 . '-' - , . 

"' There Me two pt>re st rategy equilibria ( G, G) and ( P , P) 

(&SVJ 
i~> 1-/\ 
~~71 

. , ~)l/3 
Battle of the sexes 

"' There are two pllre strategy equilibria (G, G) and (P,P) 

"' We now look for Nash equ il ibria tha t in vo lve randomizationby the pla~rs 

~ 
1-~?z> 

1')3~ 

\c. l/3 

CT_rvG \ 
l-~::. -z,>. 

~:{/:3> 
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Battleof these«; c:; [ 
· ~::h',:h'.,:h~l~:~-;~,;,;~hwh ichclaye,ltho~,Ga,dobethe ccobab il ity C,... 
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I ttlZ- z.. (9-1 -: Gt-1 l-«->) -~ --I/ ----11-

1-t t ) z.._ ~Ycw17v(J1~Gi) 
Battle of the sexes 

"' Let>. be the probability with wh ich player 1 chooses G and q be the probabi li t 
"' with wh ich player 2 plays G y 

1J1(>., q) = 2>.q+(l - >.)(1 - q} 

Battle of the sexes 

"' Let >. be the probability with wh ich player 1 chooses G and q be the probdbi li ty 
"' with wh ich player 2 plays G 

1J1(>., q) = V,q+ (1 - >.)(l - q) 

"' ~:~ 1: If q > 1/3. then 2q > 2/3 > 1 - q and t herefore, the best response is 

Battle of the sexes 

"' Let>. be the probabi lity with wh ich player 1 chooses G and q be the rob.,bi l 
"' with which player 2 plays G P ity 

1J1(A,q) = 2>.q+(l - >.)(1 - q} 

"' ~:e
1 

I: If q > 1/3. then 2q > 2/3 > 1 - q and therefore, the best response is 

"' ~~~/~( q = 1/3, then 2q = 2/3 = l q and therefore, the best response is 

Battle of the sexes . . player 1 chooses G and q be the prob.ibil ity 

1J1(A, q:1 = 2>.q+(l - >.)(1 - q} 

"' ~:el I: If q > 1/3. then 2q > 2/3 > 1 - q and t herefo re, the best response is I 
"' ~~sc 2: if q = 1/3, then 2q = 2/3 = 1 q and therefore, the best response is 

"' ~::e
0

3: 1/3. then 2q < 2/3 < 1 - qand therefore the best response i5 

B;ittle of the sexes . 
, .. j 

G player 1 chooses G and q be the pro b;ibi lity 

111(>., q) - 2>.r, + (1 - >.)(1 - 'I} 

"' ~~~l : liq > l / 3. t hen 2q> 2/3 > 1 qandtherefo re,thebestresponse is I 

~f(_ailc;)~ I~+ O~-o()::- o( 

Uz.COir f }=-O•DZ+l.(1-D(_):_ c,,-u<_ 

G>V /-6 

:s-' I 
(!J 



Battle of the sexes 

player 1 chooses G and q be the probabi li ty 

u1(A,q)- 2Aq +(l- A)(l -q}. 

• Case 1: If q > 1/3. t hen 2q > 2/3 > l qand therefore, the best response is 
A-1 

" Case 2: if q = 1/3, then 2q = 2/3 = 1 - q and therefore, the best response is 
Ac 

" C.ise 3: 
,\=0 

l/3. then 2q < 2/3 < 1 - qand the refore the best response is 

" Thu:, , t he be:.l re:.pu11:,e fur1Ll iu11 i:. giv.,11 by: 

\

1 if q> 1'3 

BR,(q) = (0, 1) if q= 1/ 3 

0 1f q < 1/3. 

Battle of the sexes 

5imilarlywecancalculatethebestresponsefunct ionfor player2andweget 

\

l if,\> 2/3 

BRi( A) = [O, l] if,\= 2/3 

0 ,f ,\ < 2/3 

BJttle of the sexes 

" There are th ree points where the best response curves cross: (1.1) . (0,0 , ) (i , ~) 

Battle of the sexes 

i beta1(q) 

• T he re are three points where the best response curves cross: (l,1),(0,0,) , (j,½) 

" First two are the pure strategy NE we had found before 

Battle of the sexes 

q 

,) Fr 
t==tb,1 

0 ; ,\ 

• T here are three points where the best response curves cross: (1,1),(0,0,) , (~, \) 

" First two are the pure strategy NE we had found before 

" Last isa strictly mixed NE: both players randomize 

J,_ 
Consider the followin g game 

" ConsideriT1 = (1,¼,¾ ,V 

l \ 
- T i) 

l I -( ~ l, 1 _, 
' --

l I -
D ) .-:r J f _l, \ -

' ... 

fµ 



• Considero-1 - (½ ,¼,{.!) 

• Considero-1 - (j ,¼, { ,!) 

., EU(G .ai) = 4½+6¾ + 8¼+4& = 5.5 

• ThenBR2(,,i) =((p , O, l p) , pc [O, l ]) 

• G dominJtes f (plJye, 2) 

• G dominates F (player 2) 

• n dom in ~t"-"' fl (~l~y,., 1) 

>l 
/! ,-~ 

Reduced 3~m, 

)\ 

., Note that <T1 = (p,0, 1 p) with p > i dominates C 

., E U(<71 , E) = 5p+2(1 - p) = 3p + 2 

: EU(,,1,G) = 3p-8(1 - p) = 8 -5p 

EU(J,. E ) > U(C,E) 



'" Note that <T1 = (p,0 , 1 p) with p >~dominates C 

., E U(0"1 , E)=5p t 2(1 p)=3p I 2 

... E l/(,,-1 ,l.) = 3p-8(1 - p) = 8 -Sp 

EU(J1,E) > U(C,E) 

3p+2 > 4 
2 

p > 3 

~U(n1, G) > EU(C G) 
8 5p > 3 

; 
p < 5 = l 

""'(11.,~.,-~)) 
t(_U•(.A,11',l), sp tQ-~)3 • 'i'" 
1:~ !_D,o~)-z.,, ~c•-/3)' s-'13 

~ ~ 

., Lets/ind BR1(a 2 - (q,1-q)) 

., Lets find BR1(,,-2 = (q , l q)) 

., EU(A,n)-5q-3(1-q)-2q+3 

., Lets find BR1(rr2 = (q , l q)) 

'" EU(A,n)-5q-3(1-q)-2q+3 

'" EU(D.J2) - 2q + 8(1 - q) - 6 - 6q 

., Lets find BR1(rr2 = (q , l q)) 

., EU(A.a2)-5q-3(1-q)-2q+3 

~ t:U(D.a2) = 2q + 8(1 - q) = 8 - 6q 

., 8-6q>2q+3 if~ > q 

., Lets find BR1(rn = (q , l q)) 

~ E U(Aa2)-5q-3(1 - q)-2q+3 

~ t:U(D.a2) = 2q + 8(1 - q) = 8 - 6q 

~ 8 - 6q>2q -t3 if~>q 

... 8 6q < 2q I 3 if~< q 

Zj .... _~'l!,--,f ~ 

pL-s/& 

.,_ 7 Z/3 
o<..C.J.. 



.. Lets find 8R1(a2 = (q, 1 - q)) 

.. F,LJ(A,,,-2)=5q + 3(1 - q)=2q + 3 

.. E U(D,a,1 = 2q +8(1 - q) = S - 6q 

.. 8 - 6q > 2q -t 3 > q 

.. 8 - 6q < 2q + 3 if i < q 

.. T hus 

{
"' ~ (O,l) j 

BR1(q.l - q) - o 1 =(1, 0) < q,Sl 

OJ = (p , 1 - p) 

.. Letsfind BR2(0-1=(p,l - p)) 

.. E U(a1 ,E)=l0p - 4{1-p)=6p+4 

.. Letsfind8R2(0-1=(p,l - p) ) 

.. E U(a1, E)-10p - 4{1-p)-6p+4 

.. f: U(.-,.1, Gl - 4p - 4(1 - p) - 4 

.. LetsfindBRJ,,-1 = (p , l - p) ) 

.. E U(a1, E) = l 0p - 4(1 - p) = 6p+4 

.. E U(ai,G)= 4p 4(1 p)=4 

.. 6p + 4 > 4 if p > 0 

.. Lets find 8R2 (0-1 = (p, 1 - p) ) 

.. E U(a1, E)-10p - 4{1-p)-6p+4 

.. f: U(a1,Gl=4p - 4(1 - p)=4 

.. 6p + 4 > 4 if p> 0 

.. 6p + 4 < 4 if p < 0 

.. Lets find 8R2(0-1 = (p,l - p)) 

.. E U(a1,E)-10p - 4{1-p)-6p+4 

.. F:U(a1,G)=4p - 4(1 - p)= 4 

.. 6p+4 > 4 ifp> 0 

.. 6p + 4 < 4 if p < 0 

BR2(p,l - p) -
if p > 0 

ifp - 0 



Best respon~s 

NE - {(A,E) ,(D, cr j)} where cr!J - (q , I - q) .i nd O < q < ~ 


