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Lecture 16: Applications of Subgame Perfect Nash Equilibrium 

Ultimatum Game 

-'-

1. Player 1 m;ikesa propo~~~ofhowtosplitlOq),esos among 
(100, 900) , ... ,(800, 200). , 

2. Player2acceptsorrejectstheproposal 

3. If player 2 rejects both obtain 0. If 2 accepts , then the payoffs or the two players 
are determ ined by(x,1000 - x) 

~ In any pure strategy SPNE, player2 accepts a ll offers 

~ In any pure strategy SPNE, player 2 accepts a ll offers 

~ In any SPNE. player 1 makes the proposal (900, 100) 
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.. This is far from what happens in rea lity 

~ This is far from what happens in rea lity 

~ When extreme offers like (900. 100) are made, player 2 rejects in many cases 

~ Th is is far from what happens in rea lity 

~ When extreme offers like (900. 100) are made, player 2 rejects in many cases 

.. Player2maycare;,bout ineq ual ityorposit iveut ility associotedwith 
punishment" aversion 
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Lecture 16: Applicat ions of Subgame Perfect Nash Equilibrium 

Alternating offers 

.. Two players are deciding how to spl it a pie of size 1 

.. Two pl;iyers ;ire deciding how to split;, pie of sizD 

.. Th e players wou ld rather get an ag reement today than tomorrow (i.e., discoun t 
factor) 



.,. Playnlmakesanoffer01 

.,. Playn 1 makes an offer /Ji 

.,. Player2acceptsorrejects theproposal 

.. Player 1 makesanoffer /J1 

.,. Player 2occeptsorrejectstheproposal 

.,. If pl~yer 2 rejects. player 2 makes an offer 9,. 

.,. Playn 1 makes an offer/Ji 

.,. Player 2 acceptsorrejects theproposal 

.,. lfpl ;ayer2rejects.pl;a yer2m;akes ;rnoffe r l)2 

.,. If player l ;icceptsor rejects the proposa l 

.. Player 1 makes an offer/J1 

.,. Player2acceptsorrejectsthe proposa l 

.,. lfpl;;yer2rejects,player2makesa noffe r 92 

.,. If player l ;icceptsor rejects the proposa l 

.,. Player 1 makes an offer /Ji 

.,. Play,ar2acceptsorrejects theproposa l 

.,. lfpl;;yerlacceptsor rejectstheproposa l 

.,. lrµ l.iyer l rejec.l~. µlayer l makes ari offe r Q3 

andonandonfor T per iods 



"' Player 1 makesanofferli1 

"' l'layer2acceptsorrejectsthe proposal 

"' If player 2 rejects . player 2 makes an offer ~2 

"' If player 1 accepts or rejects the proposa l 

I "' lfpl;ayerlrejects.pl;a yerlmJkes ;rnoffe r 03 

"' andonandonfor T periods 

"' If r,o offer i~ ever accepted, both payoff~ equal zero 

= J'"(l-0m) 

If P layer2 offer ,s accepted reverse the subscripts 

"' Consider first the ga me without d iscounting 

"' There is a unique SPNE 

"' Consider first theg.ime without d iscounting 

"' Th ere is a unique SPNE 

"' Consider first the game without d iscounting 

"' There is a unique SPNE: The player that makes the I t ff as O er gets the whole pie 

"' LaSt·mOveradvantage 

"' !" the game with discountin m the second. ,rnd so forth g, the total va lue of the pie isl in the first pericd , 6 
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"' Assume P lay,,r 1 makes th e la st o ffer 

"' :~ ~~: ~::~t:~dd:~:t~ ng, the total va lue of the pie is l in the first pe ricd , 6 

... A~surue P l"Y"' 1 rndkes the ldst offer 

"' In period T. ifit is reached , Player 1 wou ld offer Oto Player 2 

"' Assume Player 1 ma ke,; Lhe I.isl offer 

"' In pe riod T. ifit is reached , Player 1 wou ld offe r O to Player 2 

... Player 2 wou ld accept (indifferent between accepting and reject ing) 

... Assume Player 1 makes the last offer 

"' In pe riod T , ifit is reached , Player 1 wou ld offer Oto Player 2 

"' Player 2 wou ld accept (indifferent between accepting and reject ing) 

"' In period (T - 1) . P l~yer 2 cou ld offe r Sm it h J, keeping (1 - J) for himse lf 

.. Assume Player 1 makes the last offer 

.,. In period T. if it is reached, P layer 1 woul d offer O to Player 2 

.. Play€r 2 wou ld accept (indifferent betwe,m accepting and reject ing) 

.. In period ( T - 1) . P laye r 2 cou ld offer Sm it h J, keeping (1 - J) for himse lf 

P laye r 1 wou ld offe r Pl;;yer 2 J(l - J). keep ing ( l - J(l - J) ) 
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. '" fm 

Player 1 would offer Player 2 6(1 - J), keeping (1- J(l - J)) 

Player I would offer Player 2 6(1 - J), keeping (1 - J(l - 6)) 

"' Player 2 would accept since he can earn (1 ri) in the next per iod, which is worth 
6(1 - J}today 

... In period 1 J[l-J(l-6}], keeping 
(1 - J[l 

. '" fm 
Playe r I would offer Player 2 6(1 - J), keep ing (1- J(l - 6)) 

"' Player 2 wou ld accept since he can earn (1 ri) in t he next per iod, which is worth 
6(1- J)today 

1 J[l-J(l-6}] , keeping 

.,. Player 1 wou ld accept ... 

. '" 
foe 

Player I would offer Player 2 6( 1 - J), keep ing (I - J(l - J)) 

6) in t he next per iod. which is worth 

lJ[l J(l J}j,keeping 

... Player 1 wou ld accept 

Player 1 would offer Player 2 J(l - J ). keep ing (1 - J(l - 6)) 

... Player 2 wou ld accept since he can earn (1 - 5) in the next period, which is worth 
J( l J)today 

... In period (T - 3) , Player 2 would offer Player 1 J[ l - J(l - 5)], keeping 
(1 - 5[1- J(l - 6)]) for himself 

"' Player 1 wou ld accept 

"' In equ ilibr ium, the yery first offer would be accepted . s ince it ischos~n precisely so 
that the other player can do no better by wait ing 

Table 1 shows the progression of Player l's shares when J -0.9 

Table 1: Alternating Offers over Finite Time 
Rou11d l's 2's Total Who 

share share value offers? 

T - 3 J(J - J(l - J)) 1 - J(l - J(l - J)) ,5T-• 2 

T - 2 1 - ,1(1 - J) J(l - J) JT-3 1 

T -1 S 1 - J 

.,. If T - J(i.e, 1 offers. 2offers, l offers) 



'"" If T : 3(i.e, 1 offers 2offers, 1 offers) 

.,,_ Oneoffers<l(l ii), 2 accepts in period 1 

.,,_ Play'€r I always does a litt le better when he makes the offer thJn when PIJyer 2 
does 

.,,_ Pia,'€• I always does a litt le better when hemakestheofferthanwhen Player2 
does 

'"" If we consider just the daos of periods in wh ich Player 1 makes the offer, Player 
l' s sha r~ fa ll~ 
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Lecture 16: Applicat ions of Subgame Perfect Nash Equilibrium 

Stackelberg Competition 

'"" Reca ll back to the model of CoLJrnot duopoly, where tv.Q f irms 5et quantities 

'"" Reca ll back to the model of CoLJrnot duopoly, where tv.Q firms 5et quantities 

'"" Suppose instead that t he firms move in sequence which is called a Stackelberg 
compe ti t io n g ame 



~ Reca ll back to t he model of CoLJrnot duopoly, where tv,o firms set quantit ies 

~ Suppose instead that t he firms move in seqLJ ence which is Qlled a Stackelberg 
competition game 

~ Suppose that the invtrse demand function is given by· 

P(q1 +<12) 

~ Reca ll back to the model of C~ LJ rnot duop$ where tv,o firms set ~ 

~ Suppose instead that the firms move in sequence which is e.3lled a Stackelberg 
competi t io n game 

~ Su ppose thattheinversedemanl~.ivenby: 

~ 
~ Fi rmshave thecostfunctiona 

Te t iming of the ga me is given by: 

1. First Firm lchoosesq1 2:0 

2. Second Firm2observesthechosenq1 a nd thenchoosesq2 

~ Th e ga me tree in this game is then depicted by an infinite tr:!--

~ Let us wr ite down the norma l form representat ion of th is game 

~ Let us write down t he norm~I form represent ;i t io n of t his g;ime 

~ A pure strategy for firm 1 is just a choice of q1 2: 0 

~ Let us write down t he norma l form representat io n of th is game 

~ A pure st rategy for firm 1 is just a choice of q1 2'. 0 

~ A strategy fo r firm 2 specifies what it does after every choice of q1 

~ Let us write down t he norma l form representat ion of th is ga me 

~ A pure strategy fo r firm 1 is just a choice of q1 2'. 0 

~ A strategy fo r firm 2 specifies what it does after every choice of q1 
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;r1(q1, q2(.)} = P(q1 + q1(q1))q1 - c1(qi) 

;r2(q1,m(.)) = P(q1 + q1(q1))q2(qi) - c2(q2(q1 )) 

.,_. Th ere .a re many Nash equi li bria of this g.ame which .are a bit counterintuitive 

.,_. There are many Nash equi li bria of this game which are a bit counterintuitive 

.,_ Ccon5iderthe follow ing spec ific game with demand funct ion g iven by 

.,_ There are many Nash equi li bria of this game which are a bit counterintuitive 

.,_. Crn11, ider th~ folk,·.v irog ~p=il ic game wi t hde111d11d fu r1 Lt io11 g iver, by 

.,_. Let the marginal costs of both firms be zero 

.,_. What is an exa mple of a Na5h equ ilibr i11m of this game' 

.,_. What is an example of a Nash equ ilibr ium of this game? 

.,_. Let a E: [O,A) and consider the fol lowing strategy profile 
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... What is an example of a Na5h equ ilibr i11m of this game' 

... Leto E [U.A) and consider the fol lowing strategy profile 

... Let us check that indeEd this constitutes a Nash equi li brium 

... First we check the best response cf player 1 

... First we check the best respon5eofplayer 1 

... lfplayer2playsq2,thenplayerl 'sutilityfu nct ion isgivenby 

... First we check the best response cf player 1 

"' lfplayer2plays~,then playerl's ut ilityfunctionisgivenby 

"' Thus 

is solved at qi =n 

... First we check the best respon5eofplayer 1 

"' lfplayer2playsq2,thenplayerl 'sutilityfunct ion isgivenby 

"' Thus 

is solved at qi =a 

"' Firm 1 is best responding to player2 'sst rategy 

"' Suppose that firm 1 plays the strategy qt Is firm 2 best respond ing7 

"' Suppose that firm 1 playsthestrategyqj. lsfirm2 best respond ing? 

"' Firm2'sutilityfuncticn is given by 

u;,(qj . ,r,,(·)) = (A " <1?(0:)Jq~(n) 
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... Suppose that firm 1 playsthestrategyqj . lsfirm2 best respond ing? 

.. Firm2'sutilityfunction is given by 

.,. Thus, firm 2 wants to choose the optima l st rategy q2(·) that maximizes the 
following util it y; 

';;(.j(A u '12(u))q2(n) 

.. Suppose that fi rm 1 plays the st rategy qt lstirm2best res pond ing7 

.. Firm 2's utility funct ion is given by 

IJ?(q; . q,(-)) = (A-o - q,,,(a))q~(o) 

.. Thus, firm 2 wants to choose the optima l strategy q2(-) t hat maximizes the 
following util ity 

m?x(A - ,-, - r;:,(n))q2 (n) 
q, •_-) 

"' By the first order condit ion, we know that 

q,(o)-A;a. 

"' Suppose that fi rm 1 plays the strategy qt lsfirm2best respond ing7 

.. Firm2'sutility function is given by 

.. Thus, firm 2 wants to choose the optima l st rategy q2(·) t hat maximizes the 
following util it y; 

r;;(_j(A u '12(u))q2(n) 

... Bythefirstorder condit ion,weknow that 

q,(,..)= A;u . 

'"' Suppose that fi rm 1 playsthestrategyqj . lsfirm2 best res pond ing? 

'"' Firm2"sutilityfunction is given by 

u;,(qj,q:,(·)) = (A " q,(n))q2(n) 

'"' Thus, firm 2 _wants to choose the optima l strategy q2(·) that maximizes the 
following ut ility 

max(A - c, - q,(n))q2(n) 
q, ,_- ) 

'"' By the first order condit ion, we know t hat 

G:l(n) - A;(l 
'"' T he util ity fu nction of firm 2 does not depend at ;il l on whdt it chooses for q2(q1) 

when q1 f' u 

... In part icu lar, q:;i is a best res ponse for firm 2 

'"' T he above observation albws us to conc lude t hat the re are many Nash equ ilib ria 
ofth,sgame 

r • T he abM obse,-afoe all~s ,s <o cooc l,de <ha< ehece a,e mac, Nash eo, ilib , ia 
ofth1sgame 

'"' In fact t here are many morethantheonesabove 

'"' The above observation albws us to conc lude t hat the re are many Nash equ il ibria 
ofth1sgame 

'"' In fa ct t here are many morethantheonesabove 

'"' T he N;ish equilibr id highlighted dbove all le;id to different pred ictions 
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... The Nash equilibr ia highlighted above all lead to d ifferent pred ictions 

... The above observat ion albws us to conc lude that the re are many Nash equilibria 
of th1s game 

_,. In fact there arc many more than t he ones above 

... T he Nash equili bria highlighted above all lead to different pred ictions 

firm lscts 

_,. The above observat ion albws us to conc lude that there are many Nash equ il ibria 
of th1sgame 

_,. In focttherearemany morethan t heonesabove 

... Th e Nash equi libr ia highl ighted above all lead to d iffe rent pred ictions 

fi rm lscts 

_,. In part icu la r, n _the Nash eq uili brium corresponding to" = O, the eq ui li br ium 
outcome is for firm l to choose a quantity of O and firm 2 setti ng a price of A/2 

... Th e above observation all::>wsusto conc lude t hat the re are many Nash equ ilib ria 
oft h1s ga me 

_,. In fact there arc many morcthan t hconcsabovc 

... The N;ish equilibr id highl ighted ;ibove all le;id to d ifferent pred ictions 

... This would be the sa me outcome if firm 2 were t he monopolist in t his ma rket 

_,. Consider t he eq ui li brium in which c, - 0 

_,. Consider t he equ ili brium in which c, O 

... Th is equ ilibrium is hi gh ly coun ter intu itivebecauselirm2obtainsmonopolyprofits 

_,. Consider t he equ ili briu m inwh ichn = 0 

... Th is equ ilibrium is hi gh ly counter intu itive becauselirm2obtainsmonopolyprofits 

... The reason isthatessent ia llyfirm2 is playingastrategythat invo lves 
non-credible threats 
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,- Consider the equ ili brium inwh ich,,=O 

,- This equ ilibrium is hi gh ly counter intu itive because firm 2 obtains monopoly prof its 

,- The reason is that essentia lly firm 2 is playing a strategy that invo lves 
non-credible threats 

,.. Firm 2 is threaten ing to overproduce if fi rm l produces anyth ing at all 

,.. Consider t he equ ili brium in which n - 0 

,.. This equ ilibrium is hi gh ly cou nter intu itive because firm 2 obtains monopoly prof its 

,- There;,son isth;,tessentia llyfirm2 is plJying JstrategythJt invo lves 
non-credible threat s 

,.. Firm 2 is threaten ing to overproduce if fi rm 1 produces anything at all 

,.. As a resu lt, the best that firm 1 can do is to produce not hing 

,.. Consider t he equilibrium inwhichn - 0 

,.. This equ ilibrium is hi gh lycou nter intu itivebecauselirm2obtainsmonopolyprof its 

,- There;,son isth;,tessentia llyfirm2 is plJyingJstrategythJt invo lves 
no n-credible threats 

,.. Firm 2 is threaten ing to overproduce if fi rm 1 produces anything at all 

,.. As a resu lt, the best that firm 1 can do is to produce noth ing 

2 would obtain negative 

,.. Many Nash equ ili bria are counter intuitive in theStackelberg ga me 

,.. Many Nash equilibria are counter intuitive in t heStackelberg ga me 

,- To eli minate such counterint uit ive equ-libr ia, we focus instead on SPNE instead of 

NE 

,.. Many Nash equ ili bri a are counter intuitive in t he Stackelberg game 

,- To eli minate such counterint uit ive equ-libr ia, we focus instead on SPNE instead of 

NE 

,.. Letscon t inuewiththesettinginwhich margina l costsarezeroandthedemand 
function is given by A q1 Q2 

,.. We a lways sta rt with the smallest/ last subgames wh ich correspond to the 
decisions of fi rm 2afterfirm l'schoiceofq1 has been made 



tothe 

.,._ The ut ili ty function of fi rm 2 is given by 

.,._ We a lways sta rt with t he smallest/ last subgames wh ich correspond to the 
decisions of fi rm 2afterfi rm l'schoiceofq1 has been made 

.,._ The ut ili ty function of firm 2 i, given by 

.,._ So , pl~yer 2 solves: 

.,._ Case 1: q1 > A 

.,._ Case 1: q1 > A 

.,._ lnthisc;, se , the best res ponse of firm 2 is to set aqu;, ntityqJ(q1 )c.;Osince 
producingatall givesnegat iveprofits 

.,._ Case 1: q1 > A 

.,._ In thi s case , the best response of firm 2 is to set aquantityq;i (q1 )=0since 
producingatallgivesnegativeprolits 

.,._ Case 2: q1 :SA 

.,._ Case 1: q1 > A 

.,._ In thi s case , the best response of firm 2 is to set aquantityq;i (q1 )=0since 
producingatallgivesnegativeprolits 

.,._ Case 2: q1 :SA 

.,._ In this case , the fi rst order cond ition imp li es 

.,._ Thus in any SPN E, player 2 must play t he follOY,/ing st rategy: 



~ Then player l 's utility funct ion given that player 2 plays qi is given by· 

~ Then player l's utility funct ion given that player2 pla%q2 is g iven by: 

ui(qi,Q:i(·))= Q1(A Qi qi(qi)) = 

~ Thu,, firm 1 rn dximiz~s mdxq1 u1(q1, qi(·)) 

if q1 > A 

if q, s A. 

~ Then player l's utility funct ion given that player 2 pla%q2 is g iven by: 

ui(qi, Q:i(·)) = q1(A - Qi - qi(q1)) = 

~ Thu,, firm 1 rndximiz~s mdxq1 u1(q1, qi(·)) 

if q1 > A 

if q, s A. 

~ Firm 1 will never choose q1 > A since then it obtains negative profits 

~ Then player l's utility funct ion given that player 2 pla%q2 is g iven by· 

~ Thus, firm 1 maximizes maxq1 u1(q1, q2(·)) 

if q1 > A 

ifq7 :C: A. 

~ Firm 1 will never choose q1 > A since then it obtains negative profits 

~ Thus, firm 1 maximizes 
q, 

2 

~ The first order condit ion for this problem is given by: 

~ The first order condit ion for this problem is given by: 

~ The SPNE of the Stackelberg game is given by 

~ The first order condition for this problem is given by· 

, A 
ql - 2 

~ The SPNE of t he Stackelberg game is given by 

~ The equilibrium outcome is for firm l to choose A/2 atld firm 2 to choose A/4 



.,_ The Cournot game was one in which all firms chose quant ities simu ltaneously 

.,_ The Cournot game was one in which all firms chose quant ities simultaneously 

.,_ In that game, since there is o nly one subgame , SPNE was the same as the set of 
NE 

.,_ The Cournot game was one in which all firms chose quant ities simultaneously 

.,_ In that game, since there is on ly one subgame , SPNE was the same as the set of 
NE 

.,_ Lets solve fo r the set of SPN[ (which is the same as N[) in t he Cournot game 

with the same demand function and same costs 

.,_ The Cournot game was one in which a ll firms chose quant ities simu ltaneously 

.,_ In t hat game, since there is o nly one subgame, SPNE was the sa me as the set of 
NE 

.,_ Lets solve fo r the set of SPNE (which is the sa rm, as NE} in the Cournot game 

with the same demand function and same costs 

I>- In t his case, (qj.q2) is a NE if and only if 

qj E BR,(q,\J,qi E BR?(qi)-

I>- For qj E BRi(qf ). we need qj to solve the follow ing maximization problem 

I>- For qj E BRi(qf ). we need qj to solve the follow ing maximization problem 

I>- By the FOC. we have 

I>- For qj E BRi(qf ). we need qj to solve the following maximization problem 

I>- By the FOC. we have 

qj = A~qi 

qi = A 2 qj 



.. For qj E BR1(q2). we need qj to solve the follow ing maximizat ion problem 

.. By the FOC, we have 

qj = A~qi 

In the Cournot game. note that firms' p;iyoffs;ire: 

,,Bl,ffJ 
As we already saw, this was not P;ireto effic ient since e;ich firm is getting J payoff that 
is str ict ly less tha n 1/ 2 of the monopoly profits 

.. lo the Stackelberg compet it ion game, the tot;i l quantity supplied is ¾A 

0 

-{ 1-; lc/l 
• lo ,h, su,kelbe,g compe,i,ioo game, ,h, ,o,a l q,aa<i<y s,pplied ,C!!J ~-"I~ 'IJ A l 
.. Thus, the firms' payotfs in the SPNE 1s: ~ ~ ,,,,, 

1 Am 1 A£l 
,.:L ~,A ' it;,~~A' ~eoiZ-. 

.. In the Stackelberg competit ion game, the tota l quantity supplied is ~A 

.. Thus, the firms' payoffs in the SPN E is : 

.. Firm 1 obtains a bette r payoff than fi rm 2 

.. lo the Stackelberg competit ion game, the tota l quantity supplied is 1A 

.. Thus, the firms ' payoffs in t he SPNE is : 

.. Fi rm 1 oht;i ins" hett~r payoffth;in firm 2 

.. Th is is intu it ive since firm 1 alway; has the opt ion of choosing the Cournot 
- A/3, in which ca"" fi rm 2 will indeed choo"" qHq1) - A/3 givi ng a 

.. lo the Stac ke lberg competit ion game, the tota l quantity supplied is 1A 

.. T hus , lhe finns' payorfs in l lie SPN E is: 

.. Firm l obta ins ;i better payoff than firm 2 

.. T his is intu it ive since firm 1 alway; has the opt ion of choosing the Cournot 
= A/3, in which case fi rm 2 will indeed choose qHq1) = A/3 giving a 

.. But by choosing something optima l, firm 1 wi ll be ab le to do even better 


