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Lecture 17: App lic~tions of Subg~me Perfect N~sh Equilibr ium 

Loct ,irel7: Repeat<!d Games 

Lect urel7: RepeatedGames 

R,peatedGan,es 

• A i amecanr,p,a tit~f "'v"'altin, .,; 

• t.game canrepeatits,,lf«vm l t im e, 

• Staticgame<tu rn in todynam ic by repetition 



J, ln p< riod 1, pl1y,,ns imol:aneoosly playthegam< G 

<. P lay< rs ooscr,,, t he actions ch osen ~ tr,, pla)'Crs in period 1. Then in period 2 
pl"''"" ,rn,.11,n, ou~y pl•y t ho s~me G 

l. ln p< riod 1. pl >~r<< imul:>n,oo<lyplay t heg> me G 

<. P lay<r<ob<cr.;:othc , ction<choscn ~th<pl >)'<flinpcriod l . Then in period 2 
pla!"" ,rnu lt, n«>u~y play the gam< G 

J. Thisgameprocee<J,o nti l t ime T 

1. ln p< riod l , pl , ~r,,imol:an'°"' lyplay t heKam< G 

<. P l,,<r<obwrwt hoactio n,chc=,i byth<["ayor<inp.,riod l. Thon in poriod 2 
pla,erssimu lt,nrousJy play t h<l i:ameG. 

4. Aftor ti rr o T ,iftho actimpro'i lcscho,.,,n in ti mc,;1 , 2, 

((a ),a~,) . . .. . (aT ,::, )) ~ 

~~ 

.. Ea<:h [" am i 1, 2,imu lta nec u,lyd.cidewhethe rto pl ay e,- 1 (.,.:;r k) e< e - 0 
(sh ,,k) 

.. Ea<:h pl ayer i -1 .2 , imu lta necu,lyd.cidewheth< rto play e,- l (.,.:;r k) e<e - 0 
(sh itk) 

.. Wc,k in g in cors > cost cf 1 h.-v~r i,cre><e< t h; ut il ~y of toe oth er pl>y<,r - i by 2 

.. Ea<:h pl ami -I ,2,imu lta necu,lyd.cidewheth< rtoplay e,- 1 (.,.:;r k) e<e - 0 
(shirk) 

.. Wc, kin gincor<aco;tcfl h.-ver i,c reases th,ut il ity ofth<oth er play,,r i by2 

Pris<lri< r', Dilemm, (Gane G) 



• N[Pla)"' r>l a nd 2wi ll bot hcho~ 

lm,Kine playef>are e ngaied ir a k>ng rur ~atiomhipthatla, t,mor, t han ju,tplaying 
t n<ga meot>Ce, (G; 2) 

l . Both pla·,er< play t he simu lt.>nrou, rnovo ~a m< G 

lmagine pl• l"'f•are , nga3ed ir a k>ng rnr ~,tiom hipthatl. ,t, mor, t ha n jLJStplayin g ul ";ltO ~ 
'"' "-"" 

1001 Oic\-\-0~ 
l . Both l~•,er< play t he simu ltanro,, s move gamc G 

lma s ine playef>a re e n~aJed ir a k>ng rur ~atiomhipthatla,ts mor, than ju,tplaying 
t h<&a n>eot>Co: (G,2 ) 

J. Botl, pla)'l'rSplaytl>esi11u lt a11 eou, movega n>eG 

, . Both playersDbserve theaction, cflcsenbythetwopl ayer1. Tf>en they playG 

) . Th ,n pa)'<lff,crerealizeda, the di,c:,u nted ,umofthe utilit ie> of t "<acti<;,,, in 
~ . .ch 1><>, iod with disc.-,, mt f"<Ct <>< ,I E (0. 1] 

Si,ppo«that th<ot"" pla:,<r<chosc (e, =1,c,= l )i n t"'-'!ir,t pcr.Od 
lnthe <econdpe riod . th,y chcse( ei -U. e; -l) 

Suppos< th at thct,.., pla:,<rschosc (e, =l,c,= l )i n t hi: firstpcr.Od 
lnthe_,, n<J period . t hey chcse(~ -O,e, -1) 

"L = l 6 , 2 

~, - 1 - ,\ (- l ) 

• wc,.; 11 ,oi,ct<>rt he sct ot l" ""SPrl~ otthi<i;> n>< 

• w,,.; 11 ,ol,c/c,r th e<et of~urcSPr!Eofthi, ~, mc 

• P lay, r l has5 informat io1S<ats intota l 

• w,,.; 11 ,che f<>rt h, setofpurcS Pr!Eofthi,1,am< 

• w,,.; ll ,ol,efort he><et ofpureS Pr! E ofth i,i;a me 
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• Wewi ll ,ol,e/o,t h,,.,t ofpureS Pri [ofth is i;ame 

• Plaftrlhasatota l of32(2')purestrategie; 

• Pl,·,-erl ha, 5 informatio,sets intot al 

• Aeu rest rategy/o,playerlmu,t,pecify"hathedo,,, in eachofthese 
inlo,m,t;,,ns,ts 

.. P l, ,,. rl hasa tota l of32(2' )pure,trategie, 

• Simil arly,!>J'!'f2has arnal of32p urestrategies 

• There areS,uligame, 

• St.-.t atcheeridol:heg,m e (i.e .. T-2; 

• Th , ,..,,..ssubgame; 

• St.-.tatche erid ot :hei;, me (i. e .. T - 2' 

.. Th, li« t st,bj:;ome that we wi ll anal,.z, is t he on e th.t the plal"f, =unter after 
ha,.;ngplay (~i = 0,cj =0) in T= l 

• This ~,m e has a ""iq"c Nash cq ,i ili li,fo m in which tho play,,,-,; play 
(ej -u.~ -u) 

• This ~,me ha, a uniq ue Nash eq ui li brium in whic h the pla·,'<,-,; l" •Y 
(e/ -o, ,} -0} 

• Th"efr•eaf!e·hM"1gobse r""1(<Ji=O,~J = O) inthe fitst 1,e,iod . hothplayers 
will play( , f - 0.~ - 0) in period2 

Ccm ide r t he ,u bi;am e H lowini; a play ot k/ - l , <,i - o:, in tJ-:e tir,t period . The 
e.tensive for mofth issuoga mei sgive r, b,-

n{snos 
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( - 1 - ~.2 - 2,i) ( - 1.2) 

Tl,ene<'Tlal formo't hi,su bt;cm<e canbe5ttn inth,Tab le 

~ e,-le,-0 
.,, - 1 - H-6.2 + 0 - l - ,U + 2;: 

•1 - 0 - 1-io.2 - a - 1.2 

• ('1 - o,., - O) is t he un;qu<, Nash ,qu;iitH ium 

• ("1 -0, e, -O) i, tl,eun;queN ash,quilibrium 

• ln anySPNE, (ef - O,ef - O)m ustbe µLly,,d after obser, ir,g (,f -L e) -0) 

., Wecan 1othrou&h t herffllain in&sma ll<rs ubgame'.l,tter: heobser,;rt ion ot 
(ef = l ,eJ = 0) •od after t ho ::>bs<,,vatioo of( e/ = l ,oJ = 1) 

., W,r.,n t n t hrnu5h t h.-nom" inin~,m., ll,,, s ,.he,me<,ft-,- h,nhs,,-,,rt inn nf 

(el~ L ej ~ O) aod afttrthtobsc,vation of (e,1 ~ Lei ~ I) 

• We..i ll rea chthe.,.meconc lu~o ni neach oft h<=<ee n, r>;)5 :that 
( ef- 0,,}- 0)mu,tbep lay,,din eachcit hesesubga= 

• Wecaniothroughth<erem, ining<ma ller,ubg,me, after:heobsotvation of 
(•( - L ,j - 0)andaftertheobs<,vationof(e,1 - L e:) - IJ 

., Wewi ll reach the ,.,,meconc lu~o ni n each of t hesesce nar>;)5: t hat 
(if. -O, o} -O) mu,tl><play,,dinochcit h=>u b1prn<" 

" Reaa rdle,sof th eobser,e~act K>n , (0 .0) ~ played in periO<J 2 

., Wecan i o t hroughthefffllain ing>ma ll<rsubga me'.lafter :heobs,r,;rt ion of 
(0/ - 1,oj-O)aod,fterthoob«,v.tiooof (• / - 1.~.)-1) 

• We..i ll rea chthe.,.meconc lu~o ni neach oft hc=sce n, r>;)5:t hat 
( ef- 0,,{- 0)mu,tbep lay,,din eachci t hesesub,,;a= 

• Re~ard le,s of th e obser,e~ act K>n. (0, 0) ~ played in periO<J 2 

• Whyis t hi, t hc case? 

• We ca niothroughth<erem, 1ni ng<ma ller ,"bg,mc, after:leobsotvat1o n of 
(e( - L,{ - 0)andaftertheobs<,.,.ationof( , 11 - L eJ - i) 

• Wewi ll re,chthe,.,, meconc lu~o ni n <ach oft hesesce nario,: t hat 
(ef = 0,•i = 0) mus\ 00 pla)'OO in <>ch ci !h..., ... ,!;,sames 

" Re.-ard le,s of th e o bser,e~ act K>n . (0, 0) ~ played in periO<J 2 

• The idea is that pa,<>ff, that h,,..., accrue< in pe riod I >r< esS<Jo:ia lly sun~, and 
h•=no ·nfh,cn<e on ·ncenhc, ·npfrod2 

To,,,. th i, ccn,ide · the normal /om repre>ent.tioo in the , ubgam< afte r the 
observat.,,1<.>t("i - Le,! -0} 

e,=Ci + O, :l + O 1 15, 2 + ~ ~--,I.-, J 
'1 -0 1 -2",2 3 1,2 
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.. WecanSll bt r..ctolfth epayoffthatplayorl re<e, ,ed in P"'iod l a ndd i, ide 
t hrough pl>y,o,l's pay,ffib,,atoobta in thcfok,wi~payoffmatrix 

.. W,canSll btr=off thepayoffthatpl ayerl re<e, ,ed in p<'l'iodl a ndd i, ide 
t hrough play<,l'spay,ft, b,,.itoobu in thcfok,wi~payoffmatrix 

.. Wcundoth<saroc t hingfr:.r,l,y< r 2'spayoffsa1><1gctthopa)-Offmatrix 

.. \'le',e ju<t~cm>«l ~ffi netra n, torm• ti o,sof ea ch,er,on ', utl ity funct ion, 

.. Wc',c justpotfotm<<l afli nctra n<fof m>tio0< of c, ch>cr<0n ',ut lityfonct.o<l , 

.. Thus thc srtcf Naslieq ui li t.riawi lltcmai n un changc-ia ftu th= tra nsfctmations 

.. We',e ju,tperk.-m<datli netra n, tormatioa. ofeach :>erson ',ut lity fo nction, 

.. Thi> payolf matrix iseq urY'a le n: lrom a strategicper,pect i,efromthe origi na l 
n0<mal 

.. Thi> normal fc<mi,justtheorigina l prisoner',di lemma 

.. We'veju st petfotroo:lafli nem nsformati oos of e, ch ,er,on 'sut lity fo nct.o<ls 

.. This no. mal fcrmisjusll.h<origi na l pr isoner' s di lemma 

.. l'hiswi ll b< t, .,.nomatt ,rthtact ioripro/ilt,pl.ly,,d 1np<riodl 

.. Ll•~co lly • ftcr •ny hi, to,)', thcn ratq;OCno,m , I fo.mi,=-cnti• ly t hc,amc nthc 

c.riginal pri«>n, r',dNemmo 



• Ba~ca llyaft erany history, the st rategic normal form is ..,,.,ntialy t h<sam, a> t he 
origio,a l p, ;.or><t'sdOomn_, 

• l>ot h pla)'<r,, play (•/-0,e} O)a'ter a ny inlo,matK>ns.tin the la,tperod 

• Nooletusse, what n1ustl><lr la)"'d intl, , fa,.tp,r iodl,y the tvKlpl'¥"" 

• Bothpla,-ersa11tK:ipatet hat (,( - O,e? 0)1..i ll be pla~ afteranychOS<n 
a>cfonpro/ileWlthefa,tperioc 

• Nowlctus se, what muS':be Fla)'<'d in th,li rst pe ri od b;'thetvKl players 

• 13othpla·,..r.s ont K:ip,,t e t hat(e,' - O,,? - O)lsi ll bepla~,ft<f anyc hos<n 
acfo,iprofile t , the fo sti>«ioc 

The ,,n iqucN• sh cq ,.;1; 1;,r;,. mof thoa i;,o,,,nor ma l fcrnig,mc i,("i=O, ol = O) 

( ( •/-0 

ln otherl'oOfdsbot h pl >yer< >lw>y< <h irk 

• He re t M w,iqu e SP~ E r<quirts a ll pl ay,;,, to phy e; 0 at all p«i<Xls and a ll 
'nfnat" n t< 

• Thus,t heequ ii t>riurnoutcomei<,imply the repetiticnof theur"l ue NEof th, 
, tag,garne 

• ~:t"'l_u niqu eSP ~E r<qui , .. a llpla:,,,,stoplay e; - Oatall p« i<Xlsao,d a ll 

• Thu,,the equ li briumoutcomeis,im ply the repetiticnof th<u r iQueNE of th, 

,1,,. ~·"" 

• Thi< hold ,mo·egcnera llywhcn the<tagc ga mchas , un;queNE 



t?5 
• ~: t"'! unique~~:;;:~.1,v iu i, .. all play,;,, to phy •, Oatall p.,;oo,,.,d all 

0- !~~:·:;~,.<equ iibrium outcome i< , imply the repetiticn of the ur~ he 

o- Thi< hold ,mo·egcoera llywh<n t hc,tagc g, m< has e ~/'') 

vi, f11vJr~ 
• Wh<ne,,er thestagegam< ha, , uniq,eNE, t htoli><on lySPNEof a fi nite 

ho,izon re peacod game with that stage g, me is th e ,epeti'. OO C< t h, stagegame 

• Th,basic idea ofthe p,o-,l forthi ,prop"'it ion i< ~actlythe>ame t hatwe "1w in 
t herepeated prison,r' s dilemm, 

0- The basic idea ofthep<00/for thispropo;ihooi<exactly the ,,arneth>twe s.,w in 
t herepeatedpfi>entr' ,d il, mm, 

• All past payoff> are , un~ 

• Thebasic idea ofthep,o,ffor thi , proposit >C>n i<~actly the >a methat wes.aw in 
the repeated pri>on,r' , dile mm, 

• All past pay<Jfk , ,. '" "~ 

• 1n th e la,tp«od.t he ioc, nt ives ot ,l l player,are exactlythe same a, itt he1ta r« 

""rebcing pl>y<Xl oow 

• Thobasic ideaof t heproof fe< thisj)<OpO!i tion Ol exactly th e.a me t h>t we,,w ;n 
thcrepeated prisoner' , dilemm, 

• All past pay<:ifls , ,. ""' ~ 

• ln tho la,tp«od,th o ;namfo .. of,ll pla,-, a,o oxoctlytho,..,...•,;fthogan-o 

were being pl~ooce 

• Thus al l player< muit play t he stage gam, Na sh equi ibfium actOO rei;a rdle,s of 
theh ;>to,-yolo l,v uptothateo int 

• Th o bJ sic ;<Je,of t hep,ooffc< t his prOp(»it ion Ol exac1ly th e sa me thatwos.,w ;n 
th crcpcatcd prisonor'sd ilc mm, 

• 1n the la,tp«od. t he incenfoes of ,l lplayersare exactlythesame a, ;ft he1tan-e 
...,,.i,.,;ng pl>y<o<l oow 

• Th"' :.II pl• t*"• muit play t h< ,tag• g>m• Nash °'l"O ;b, ;um :,c,.:,., r,qardk.,. of 
t h, h;st"')'of olav uptothat 1o int 

• ThobJsic idea of thepro:,ffort hispropositionOlexact ly th e,.. me t hat we,aw in 
thc rcpcatcdp,;,oncr' , ddc mm, 

• All past pay<:ifls " " ' " " ~ 

• ln the la,tper od.the inaent i,esof al l pl;oy,,r••• exactlythe ....,,,, ,, ;ftheg•n-• 
wcrcbc;ng pl.y<Jo,cc 

• Thu, al l playersm uitplayth< , tagegameNasheq ui ibfium actOOrei;a rdl<ssof 
the h;>to,-yolo lav uptothateo int 

• Kn<>ffins that th<stage RO me Na>heq u; li b,i um~ ii:o;,gtobe pl;,~tom mCHJ , at 
any ;nfc, mation set , wo c, ,,;gnc,ethepastpa)'(lffs 

• Th,basic idea ofthe prn-,l forthi ,prop"'it ion Ol exactly the >a methatwe ,.w in 

. ~::~f: ;::s~ m, 

~fl1tp,,.od.the ;,'°""1 ;, ,;s of allpla,,,rs are,xactly th, ... ,.,., ;11he 1ta"·e 
were bdng pl')lro o, c~ 

• Th us , 11 playe, sm ull plav th, mg, g>m< Nash equNibt ium ~ct OO r•Ja rdltssof 
th~ h;>tcry ofp lay up to that ro int 

• Kn <>ffing that the stage game Nash eq uili b,ium Ol gOO"g to be played to mmCHJ , at 
any ;nlo,m•bon>ct , wcc,n ;gnoccti>cpa>tp,yoff< 

• WeC01' '""trato j",tc,1 t h< p>)')ffs"1th< fo turo 
< mply want>tomaXm·ze 



• Wha t player i plays todai· has .,, CO',sequencc, lot what happer,, in period T 
s inco....., , ,-.w thata ll pl,,)"~ Wllplay ., • ,om.,tto,whath,pf>""' ;"P"'iodT 

• Whatp l;;ycrip lay,todayhas'XlCO'=qUOOCCSfo<what happer.,inperiod T 
, incewe,awthat a ll pla)'l'rsw llplava• nomatte, ,.-1,a t happ<n, i, period T-1 

• Wh,tplay,,rip lay,. tod,yha.-,oco-,-iuon c .. h,.J,,th,pf>~•oo in poriod T 
sincew,saw th at a ll pla)'frs w llpi a,,,• nomau er ... -h at ha pp,11S in pe,iod T-l 

• Thu,a11a in. hth is to b<a Nasli equililxium, ,,. n~ d[-' - •! ,J-1 - .,; . 

• Whatp lay<ri plays tod,yha,-,oco-=quoncc,fo<whath,p1>er,sinporiod T 
,incewe,awthata ll pla)'l'rswllpla:,a',omatte, ,.-hathapp<n, i,periodT-1 

• So,thenaximizatK>Opro,lem ,bov.i, the , am,a, 


