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Lecture 19: Infinitely Repeat ed Games 

Introduction to Inf inite ly Repeated Games 

Lectu re 19: Infinitely Repeated Games 

Int roduction to Inf inite ly Repeated Games 

"' One of the features of finitely repeated games was that if the stage game had a 
unique Nash equi libr ium, then the only subgame perfect Nash equilibrium was the 
repetit ion of that un ique stage game Nash equil ibrium 

"' Oneof t hefeatu resof finitely repeatedgameswasthatifthestagegame had a 
unique Nash equ il ibr ium, then the on ly subgame perfect Nash equilibrium was t he 
repetition of t hat unique stage game Nash eq ui l ibrium 

"' Th is happened because there was a last period from which we could induct 
b~ckw.irds (.ind there w.is .i dominoeffect l} 

~ One of t he features of finitely repeated games was that if the stage game had a 
unique Nash equi libr ium. ,1tien the on ly subgame p_erfect Nash equilibrium was the 
repel1l 1on of fh af un iq ue stage ga me Nash equilibr ium 

~ Th is happened because there was a last period from which we. could induct 
backwards(andthere was a domino effect !) 

~ Whenthegameisi nstead jgfinitelv ree peated, t hisa rgument no longerapplies 
s ince there is no such thing as a last peri-;;r=-



'" lets first def ine what an infinite ly repeated game is 

'" Letsfir,tdefine what <rn infinite ly repeated game is 

'" We start with a stage game whose utilities are given by u1, u2 , 

'" lets first def ine what an infinite ly repeated game is 

'" We start with a stage game whose utilities are given by u1, 112 .. 

'" Each player i has an action set A; 

'" Letsfirstdef inewhataninfinitelyrepeatedgame is 

'" Westartwithastagegamewhoseutilitiesaregivenbyu1,u2 .. 

'" Each player i has an act ion set A; 

'" lets first def ine what an infinite ly repeated game is 

'" We start with a stage ga me whose utilities are given by,r"•'' -'"' .. ' "-'--

'" Each player i has a n act ion set A; 

'" In each period t = 0,1.2 .. 
the chosenactionprofile(a1,a2 .. ,an) 

'" Then play moves to per iod t + 1 and the game continues in the s.ime manner. 

'" It isimpossibletodrawtheextensiveform of this infinite ly repeated game 



• It is im possible to draw the extensive form of this infinite ly repeated game 

• Each information set of each player i associated with a finite ly repeated game 
correspondedtoahistoryofactionprofileschosrn inthepast 

• It is im possible to draw the extensive form of this infinite ly repeated game 

• Each information set of each player i associated with a finite ly repeated game 
correspondedtoa historyofactionprofileschosrn inthepast 

• Wecanrepresenteachinformationsetofplayeribya history 

• It is impossib le to draw the extensive form of this infinite ly repeated game 

• Each information set of each playe r i associated with a finite ly repeated game 
corresponded toa history of action profi les chosEn in the past 

• We canrepres,o,nteachinformation setofplayeriby a history 

• Wedenotethesetofallhistoriesattimet asH' 

Pris.oner' s Dilemma 

if the stage game is the pri,onH's dilemma , at period 1. there are 4 

• For example. if the stage game is the prisoner 's dilemma, at period 1. there are 4 
possible histories 

• For time t, H1 consistsof4! possible histories 



• For example. if the stage game i; the prisoner 's dilemma, at period 1. there are 4 
poss ible histories 

• For time t, H' consistsof4' possible histories 

• Th is means that there is a one-to-one ma pping between all possible histor ies and 

the informat ion sets if we actua ll y wrote ou t the whole extensive fo rm game tree 

• For example. if the stage game i; the prisoner's dilemma, at period 1. there are 4 
poss ible histories 

• For time t, H1 consistsof4' possible histories 

• Th is m1:ans that there is a one-to-one mappinii; between all possible his1Qries and 
the informat ion sets if we a ~tua lly wrote ou t t fe whole extensive lorm game tree 

• As a result , we can : hink of eilch h1 C H 1 as representing a partkular information 

setforeach playeriineach ti met 

• What isastriltegyinaninfin itely repeated game? 

• What isastrategyinaninfinitely repeated game? 

• It is simply a prescri ption of what player i would do at every informat ion set or 
histo ry 

• It is simply a prescription of what player I would do at every informat ion set or 
history 

• Therefore. iL isa fu11clioro tha LUescr il.,es 

s; LJH'--+A; 
, ;o:o 

• What isastrategyinaninfinitely repeated game? 

• " ;,,;mply a pc,~,;p,;o, of whaf e'·r" i ~"'' do a,""~ ' s 
• Therefore.it is a function that describes 

LJH' --+A. 
12:0 

• Intuitively, s, describes exactly what player I would do at every poss ible history h1, 

where s,(h'}descr ibeswhatplayer iwould doat history h' 



., For example in t he infinitely repea ted prisoner' s dilemma , the strategy s;(h') = C,, 
for all h'andall tisthestrategyinwhich playerialwaysplaysC regardless of 
the histo ry 

.. For example in t he infinitely repea ted pri soner' s dilemma , th~ strategy s1(h') = C,, 
for all h'andall tisthestrategyinwhich playerialwaysplaysC regardless of 
the histo ry 

., There ca n be more com plicated strategies such as t he fo llowing 

I ')-{C ift - 0. or h' - (C,C, .. . C). 
s; h -

D; otherwise. 

For example in t he infinit@ly rppfiHrd prisoner' s dilemrw t h€ strategy s;(h') = C 
for all h' a nd all tis the strategy in which player i always plays C; regardless of 
the histo ry 

.. There can be more complicated strategies such as the fo llowing ~ o ~ - ?""Z. - o -:so 
Tri - Fo12 - r A-T 

., The above is called a grim trigger strategy 

.. How are payoffs determined in the repeated ga me? 

., Hov1are payoffs determ ined in the repeated game? 

.. Suppose the strategiessi , .. snare played wh ich lead to the infinite sequence of 
action profi les 

.. Hovi «re p.<yoff~ dete rm iru:>U in the repe.<ted g<1 rne? 

., Suppose the strategiess1, Sn are played which lead to the infin ite sequence of 
action profiles 

.. Then the payoff of player i in th is repeated game is given by 

., How are payoffs determ ined in the repeated game? 

.. Suppose the strategiessi, . . , snare played which lead to the infin ite sequence of 

£, -P Peor:, t>e 
':Su&vc;nos 

action profiles 

., Then the payoff of player i in th is repeated g.ime is given by l" 

[J/"0] . U,,f) t~U. + ~ Ut<t 

., Intuitively. the contribut ion to payoff of t ime t act ion profile a' is discounted by ,l' 



'" Hc,,,are payoffs determ ined in the repeated game? 

'" Suppose the strategiess1, .. ,s~ are played which lead to the infinite sequence of 
action profiles 

,i,a1, ,a',a' 11 

.. Then the payoff of player i in this repeated game is given by 't 

S-t> Peor3 De 
~u61.11;nos 

[~''"'0J = U~·) t~U, + ~ UE<t 

.. Intuitively. the contribut ion to payoff of t ime t action profile a' is d iscounted by J' 

.. It may be unrea!iOnable to th ink about an infin itely repeated ga me 

.. It may be unreasonable to thjnk about an infinitely repeated ga me 

'" Hw,ever thediscountfactorinsteadcould be interpretedbytheprobabilityofthe 
game/rela tionshipend ingatanypoint in t ime 

.. It may be unrea!iOnable to think about an infin itely repeated ga me 

'" Hw,ever thediscountfactor insteadcould be in terpretedbytheprobabi lityofthe 
game/relat ionshipend ingatanypoint in t ime. 

'" Thus, an infinite ly repeatedgame does notnecessarily represent a scenario in 
wh ich t he re are an infin ite but rather a 

ends isuncert;iin 

'" Lels see ,ome examples of how lo cornpule payoffs in l he repealed game 

'" Lets see some examples of how to compute payoffs in t he repeated game 

'" Consider first t he st r;i tegy profile in which s;(h 1) - C; for al l i - L 2 ~nd ;ill h' 



~ Letsseesomeexamplesot how ~ . - tocomputepayottsinth 

Consider fi rst the strategy profile in which s·(ht) - e repeated ga me 

~ In this c;isc , the p;iyoff of la . - ' - C; for al l i = L 2 and all h' 
p yc r l inth 1srcpc;itcd g;i mcisgivcnby· 

f:,, _ _l_ 
1=0 1- ,l 

~ letsseesomeexamplesofhow ~ Con~ider fi rst t he ,st r;ite - to compute payoffs in the repeated game 

~ _ gy profile 111 which ~;(I,')= C- for· I . 

In th1sc;ise , the payoff f _ _ ' "
1

' =L 2.ind;ill h' 
o player l inth 1s repeated ga me is given by· 

f:,, _ _l_ 
,- o 1- ,l 

~ What about in the grim tr igger strategy profi le? 

~ Letsseesomeexamplesofhowtoco C pute payoffs in the 

o,s,de, fies, ,he """gy p,ofile m which ·(h' cepea<ed game 

lJ, (s,,s,} V, (_c.,c. ):ii° 1 U, (e,, c,) 1', u, (c, o ~·, 
V{Ci1C2.") b" -r~· t~(~s\ --- j 

~ In this c;ise , the payoff f - s, ) = C; for all ' = L 2 and all h' 
o player linth isrepeated ga me is given by 

~ u, (C,Ci) L ~/' 
f: ,·~ 1 
r- 0 1 - J 

: :hat;iboutinthegrimtriggerstrategyprofi le7 

nthatcaseifall 1 ,... 'esequenceof actions that' ari se i~ :;::('?~he g)rim trigger st r.itegy profile th 

~ lets see some examples of how to com ~ C . pute payoffs in the r 

o,s,de,fics<,hcs,,a,cgyp,ofilc ia which (h' . epeatedgame 

--
~ In this c.ise , the payoff f I . - s, ) = C, for .,11 i = L 2 and ;ill h' 

o payerl inth 1srepeatedga meisgivenby· ~,· - ,~, e,-,,1 f72 f·~ 

• What,bo"''"'heg,im,Ci ecs>ca>egyp,ofile? ~~.,(~, /{,, Ci), ~/,,·c >) 
" '"' ,. ,,, ' ,, ~ • <-, -

~==··..:.,·· ~_::_:= · ''.:"0="'"'j" I' 
actions that ari se i~ :;:: ('2 ~he g)rim trigger strategy profile th 

~ Thus the payoffs ofilll players is agilin 

~ How about a more complicated strategy profi le? 

~ How about am ~ ore complicated strategy profi le? 

Suppose that s;(ho) - C 
theopponentdidinth( l,~)andthestrategyprofile e prevrous period saystodoexactlywhat 

vd 

I 

H 
. - -

t J;, ~_L 
.,.__~-"-d--~' -i 



.. How about a m r d th..,strat"gy profil..,saysto 
oe complicated strategy profi le? do "'xactly what 

(110) - (C1,D,) an d 

• S"ppose<hat~idioe,,p,e.io"spe,io factioosthata,ise 
theopponent . thenthesequenceo 

laersplaythesestrateg,es, 

.,._ Then if both Py (C1 . 0i).(Di.,C2UC1 . D2), .. 

Lecture 19: Infinitely Repeated Games 

. ·te l Repeated Games Introduction to lnf,n, N! sh Equilibrium 
Subgame Perfect 

I>- What isasubg an infinitely repeated game? ameperfect Nash equ il ibr ium ,n 

an infinitely repeatedgame7 ameperfe ct Nash equ il ibr ium ,n 

• Wha, isas"bg egeoe,ally 

ideaasm . the finitely repeated game or mor 

ameperfect Nash equ il ibrium . . in an infin itely repeated game? 

• What is,s"bg ,geee,ally 

~ Tha_t_is _astr;:~ 
f'']rnhhr ,um , 
game 

ideaasin . the fin ite ly repeated game or mor 

rc'S 



Theorem (One-stage deviation principle) 

s is a subp my perfect @:z-h eruilibrium (SPNE) if and only if at every~ . and 
every history and every player i, player i ~ by deviating jus t .Jt time t ;md 
following the strategy s; from time t + I 011 

.__G\ ,C"'"S 

.. Th is is ext remely usefu l since we only need to check thats, is opt imal against all 
possible one-stage dev iat ions rather than having to check t ha t it is optima l 
againstalls; . 

.. Th is is ext remely usefu l since we only need to check thats, is opt imal against all 
poss ible one-stage deviations rather than having to check that it is optima l 
against alls; . 

.. We wil l now put this into practice to analyze subgame perfect Nash equ ilibria of 
infin ite ly repeated games 

Lecture 19: Inf initely Repeated Games 

lntrod1Jct irm to Infinite ly Ref)f';,tfd C.~me<; 

Examples 

.. Lets go back to the intin ite ly repeated prisoner's dilemma 

.. Lets go back to the infin itely repeated prisoner's dilemma 

.. What is an example of a subgame perfect Nash equilibrium? 

V 



~ lets go back to the infinitely repeated prisoner's dilemma 

~ What is an example of a subgame perfect Nash equilibri um? 

~ Lets go back to the infin ite ly repeat ed prisoner ·~ dilemma 

~ What is an example of a subgame perfect Nash equilibri um? 

~ Why is this a SPNE? 

~ lets go back to the = repeated prisoner 's dilemma 

~ What is ag f a Subgame perfect Nash equilibr ium? 

~ One kind s~:t~ld be straightforward: each player plays Di ,md Di 

~ Why is this a SPNE? 

~ Wecanuse theone-stagedeviation pr inciple 

p,;~,f o;1,ot 
c, D, 

C1 1,1 --,,1..2 
Di -_!_~ 

~ Under this strategy proti le sj , 52 . tor all histories h' 

~ Under this strategy profi le s;,s;. for all histories f/ 

~ Thus, for all hi srnr ies hr , 

[;ul:~~ P~i\ 
.Et> S -l1S'1 G '1 ll 

Ft.J \It 

~ -'-Ii~> u,(C,D_,)+liV;(s;,s; I h') 

0 ,) ~~ 

~ Under this str.itegy profile sJ,S2 , for all histories h', 

~ Th us. for all hi stor ie:; h t, 

~ -'-li~>~+liV;(s;,s; l h') 
0 ,) - l ~ 

Th us, (s{, s; ) isa SPNE 

1~ \)e.,v}= 
~ (_1)~ ~T) :; 

(.,.,, PA CZ.AC t O LJ 

l)G':> \j 
eN 'fz:d 

fl 

fJQ 

v"r;;, r + VruTvilo -- V7A~A,t;>O + O 
'D 

~T 'r v:uM1:o - Vr.4.~itPc> t - I 

J.Ji) D 
Vr")A:'OtJ Vt",.,,._ o o 

-r 2- ~to 
(,!:- ( 

T i,J/o -,- - I 
t;:::..r 



'" Under this strategy profile sJ,52 . for all histories ht, 

'" Thus, for all hi stor ies h', 

In fact th is is not specific to the pr isoner's di lemma .:is we shcm below: 

Theorem 
Let .i • be a Nash equilibrium of the stage g.ime. Then in which 

'" What other kinds of SPN E are there7 

'" What other kinds of SPNE are there7 

.. In finitPly rl'p<';,tprl g;,mP~. t hi~ w;,~ thP on ly SPN E with pri<;0npr '~ rl ilf'mm;, ~i n<'.f' 
the stage game had a un ique Nash equil ibrium 

'" What other kinds of SPNE are there? 

'" In finitel y repeated games, t his was the only SPNE wit h pri soner 's dilemma since 
the stage game had a unique Nash equilibrium 

'" Whentherepeatedgameisinfinit ely repeated , this isno longertrue 

'" Consider for example the grim t rigger strategy profile that we discussed ear li er 
Each playerplayst::h•,:;fo;:::llo~wl/l;' i..lioilii_, _____ , 

s: (h') = fc; ifh1 ~ (C.C, C) 
' ~ ifh1 ~(C.C. . . C). 



.. Consider for example the grim trigger strategy profile that we discussed ear li er 
Each playerplaysthe tollowingstrategy 

s; (h')= f C1 '.fh1 ~ (CC, . ... , C) lo, 1f h1 ;tc (CC.. . . ,C) 

... Wewill s huw lhdl if<l is ,u ffic i.,nt ly hig h,soLhatLhtplayer,.ire,uff iLierit ly 

pa tient , the strategy prof ile of gri m t ri gger strategies is indeed a SPNE 

.,. Conside r for example the grim t rigger strategy profile that we d iscussed ea rli er 

Each playerplaysthe following st rategy 

r;;;:;1= fc1 ifh'=(C.C., .. . ,C) 
~ \o, ifh1 ,i(C. C. . . ,C) -------

.. Wewill show t hat ifii is suffic iently high,sothatthe playersaresufficiently @J 
patient, the strategy prof ile of gri m t ri gger strategies is indeed a SPNE 

• The eq,ilibci,m pa<h of play foc<h is SPNE is foe playm so play C ic M ,y peciod --'17$ 1~ / I 
___, ---

.,. How do we show t hat the above is indeed an SPNE? 

~ Weusetheone-stagedeviation pr inciple again 

~ How do we show that the above is indeed an SPNE? 

~ We usetheone-stai;1;edeviationprinc iplea11:ain 

~ Weneedtochecktheone-stagedeviation principleateveryhistoryh' 

Case 1: 

~ Suppose first that Ii' =fi (C,C, . . . , C) 

Case 1: 

~ Suppose first tha t ht cf. (C, C, ... , C) 

~ Players are each su ppose to play 0; 



Case 1: 

.,. Suppose first that /·/ f. (C,C. .. ,C) 

"' Players are each StJpposeto play 01 

Case 1: 

"' Suppose first that h' f. (C,C. .. , C) 

"' Players are each suppose to play o, 
"' Thus, we need to check that 

u;(D,,D_;) + JV;(s ' I (11',0)) 

2: u,(Ci, D_;)- SV;(s* I (h' , (Cr , D ;))) 

Case 1: 

"' Suppose first that h' f. (C,C. ... C) 

"' Players are each suppose to play 01 

"' Th us, we need to check that 

u,(D,, D i) + oV,(5" I (11', D)) 

2: u,(Ci,D ;) - iiV;(s' l (h' , (Ci,O ;))) 

Case 1: 

"' Suppose first that h' f. (C,C. .. , C) 

"' Players are each suppose to play D; 

"' Thus, we need to check that 

u;(D,.D_;) 

u;(D,,D_;)+JV;(s ' I (11',0)) 

2: u,(Ci, D_;)- SV;(s* I (h', (Cr, o_;))) 

V;(s" I u;(D;,D_;) 

"' Sotheaboveinequality issatisfiedifandon lyif 

ur(D1, O_r) ~ u;(C;,D_,) 

Case 1: 

"' Suppose first that h' f. (C, C, . , C) 

"' Players are each suppose to play D1 

.. Th us. we need to check that 

u,(D, , D_;)+iiV;(s' I (h' .O)) 

> u,(C. D_,) - dV;(s* I (h1, (C. o ,))) 

u;(D,.D_;) 

"' Sotheabove inequal ity issatisfiedifandon lyif 

"' But this is sat isfied since D is a Nash equ ili brium of the stage game 
_.e:. 

Case 2: 

"' Suppose instead that h' - (C, C. , C) 



Case 2: 

~ Suppose instead that h' - (C.C. ,C) 

~ Players are both supposed to play Ci 

Case 2: 
~ Suppose instead that h' - (C.C. ,C) 

~ Players are both supposed to play Ci 

~ Th us, we need to check that 

Case 2: 

~ Suppose instead that h' = (C. C, , C) 
~ Players are both 5llpposed to play C; 

~ Thus, we need to check that 

ui(C;, Ci)+ rlV,(s · I (h', C)) 

?: u,(D,, C;) + OV,(s · (h',(D,, C;))) 

~ In this case 

V;(s' I W, C)) = u,(Ci , Ci) 
= 1, V;(s' I (h'.(D, , C,))) = u,(D) = 0. 

Case 2: 
~ Suppose instead that h' - (C,C. ,C) 
~ Players are both supposed to play Ci 

~ Th us, we need to check that 

~ In this case 

V,-(s ' I (Ii'. C)) cec u,(c,, Ci) 

= L V;(s* I (h1,(0,,C,))) = u,(D)= o 

~ Therefore, the above is satisfied if and on ly if 

l+J ?:2 -{=} J?:1/2. 

Case 2: 

~ Suppose insteadthath'=(C.C,. ,C) 

~ Players are both supposed to play C; 

~ Thus,weneedtocheckthat 

u,(C;, C;)+,W,(s· I (I,', C)) 

2". u,(D,, C ,) + dV,(s' (h' , (D,, C ,))) 

~ In this case, 

u,(D)=O. 

~ Therefore, the above is satisfied if and only if 

l t J?:2=5?:1/2 

~ Th us the gr im t ri gger strategy profiles* is a SP NE if and on ly if 6" ?:. 1/2. 

~ The above lindings that SPNE may involve the repet it ion ot action 
not o stJge gome NE is not specif ic to just the infinitely repeoted 

di lemma asthefoll=ingtheorem demonstrates 

Theorem( ~ ) 

Sup~ose that a* i5 q @:h y9uilibrium of the stµ e game Suppose tha t.,!.!s an action 

profdeoftheNashequilibn.;",.."'.,'";,;,'h..,t..,h, .. ' ------, 

l u1(J)>u,(a"). Un(J)>un(a'). J 

Then there issom~ uch that whenever~ there Jsa SPNE in which on 

the~ili;; pMh)~~a; ayecs p~;:i;ciod ;; ~-

CJ b, b,~ !Ace 5:.-1- o' Sos.l~ 


