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Lectu,~19: lnfinitelyReve~tedC..mes 

Lectu,~19: lnfinitelyReve~tedC..mes 



.. ln U<hi>e',;<it=0.l.2 . . . . , ployt" simult •~cooose•n ><tion a; £ A; •n<I 
,.,choseoactionprolilo (•1 . ., . . . . . •• ) ;. 00S,rv@db)o •ll i>l•)'l!B 

.. E>ehpl.,,....jh,,an>etion><tA 

.. ln U<h i>e',;<it = 0.l.2 . . . . , ployt"si m"lt•~cooose•n ><tion a; £ A; •n<I 
,.,cho,,,n>ctionprolilo(•1,., , , . . , • • );.-b),,llploytn 

.. TOttlplay~toi>e',;dtf l>ndt"° c> m<Cot>! ;n,... ;n , _..,,,..m,nn,, 

.. E>eh info<m• tion ><tc'e>ehplaye,i a$SOC;••edw;1h•f;n;,ety ,<r,e>ledc>m< 
co,,<5p<)ndeoto•h;,,"')'ol>ctionprolile5cho,,,n;n,.,pa>t 



.. E:ochinfo<m•1;,,,setc'uchplaye,i • "°"iotedwith>f;n;,e1y ,•r,e,tedpm< 
oo,r<5pO<l<ledto•hist"')' ol K1;,,,pro1ii..c"°""'inth<pa<t 

11• - (0J.11' - {J>,- (,?, ----•:n ..... •' · (•'-•' •' 'l 

.. lt isimpos,iblt tod,f._e,t em<~ m c'th is ;nf; n~ely repoat;!!,,,g!ll• 

.. Each infufmation..,ole>e h pi•y«i••><>ci>tedwith>f;nitely rep,ated1><•"' 
000 <5pO<l<ledto • histotyc'a<tionP'ofil«c"'-nin th<pa<t 

11° - (0) .111- {i':• (•f, .. ..• :)) ... . ,11' - (•'-•' •' '} 

~ . . 

.. fo,ex>mple, il th<<t•1•.ll•""'" ' "°"'"°""'"•d;Hemm>, >t p<riod l, t here .,.,4 
poi><ble hist<>rie< 

{(C1, C,).(C1.D,),(D,. C,).(D,,O,)} • H' 

.. fo,ex>mple,if th<<t•1•1•""'" ' "°"'"°""'"•d;Hemm>, >t p<riod l, t here>re4 
poi><blehist <>rie< 

\( C1, C,).(C1.D, ),(D,. C,).(D,,O,)} • H' 

.. fo,ex.ample,ifth<<t•g•g•""'" ' "°"'',oner'<d;iffl,m•.•t pttiodi, t here • ,. 4 
poi><ole hist<>rie< 

{(C,.C,) . (C, .D, ).(D, .C,).(D, . D,))= H' 

• Fo,time t,H'co1,si,t,o/4'pos,iolehistooe5 

• T his mUn$ !h>tth<,eis> one-to-0<>e m>ppi n1,->llpos,it,lehist<>rie<>r>O 
,oe ;nfo,matiooset<if we>etu>llywrote oot thewholeext«1~,,.form1• m< n tt 

.. Forex.ample,ifth<<t•g•g•meis thepr,wner',d;lffllm>.>t pttiodl, th<re= 4 
poi><ole histoo-ie< 

{(C,.C,) . (C, .D, ).(D, .C,).(D, . D,))= H' 

• T hisme>ns th>tth<,eis> one-to-one m>ppi n1l>etween>llpos,iblehistories>r>O 
,oe ;nformatiooset<if we>etu>llywrote oot thewholeexten~,,.form1•m< n tt 

.. A,.,...,1, .-c>nth;n~o/ e,chh'~ll ' >S r<!)l'=tin1•pa1ticu l>f ;nformation 
.. , 1o<each pi• )'ttjino>ehtime t 



.. It ;,, ~mply• p,oscript'°" olwh>t pl• )'!• ilM'.>Uld do>t ""'Y info,m,,;.,,, "'°' 
h;,tory 

.. It ii ~mply> p,oscript'°" olwh>t pl>)'!• ilM'.>Uld do>t ""'Y info.m,,;.,,, "'°' 
h;,tory 

.. It;,, ~mply, ?<OS<ript'°" o/wh,t pl>)'!• ilM'.>Uld do>t ...,.'l' inform,,.,,,"'°' 
hiitory 

.. TO«,for,.~ii,lunctf0f1th>t ~ Ai- ) 

.. lnw it,~y.~· ~•ibe<e,,;.,ctlywhat pla)'!r ;..oulddoat,._.,,po<Sibl<h"t"')'II' 
w- ~ <l<sc,ibe<whotpl>ytr i..oulddo>thisto,y ll' 

Sir(li') 

.. For <>ompl< in tht infinitely r<p<>tod .,,...,_.., dd• mmo , toe >Ua!<gy ~(h') • C; 
for allh' aOOallriith<<tr>t<cr inwhKhpla)'!r ialway,pl,y,; C; regardl<>sof 
,oehiito,y 

.. For<l<ampl<intht infinitelyr<p<atod ,,,...,_.., di l<mm, . toest,at<J)'~(h') • C1 
forollh' oOOoll!iith<st ,,tegy ;nwhichplo)'!ri o~ploysC,,egord..._.of 
,oehiitory 

ift • Oorh' • (C.C. .. C) 

.. for<><ampl<in tht infinitelyr<p<>tod ,,,...,_.., di l<mm, . toe,uat<J)'~(h') • C1 
forollh' oOO oll!,Sth<st ,,tegy ;nwhichplo)'!ri olwoy>ploysC,,eg>rd..._.of 
,oehiitory 

T,T,1o1t-l.11 
ll'S>-'Rirz -Osei. 



.. Suw<»<tO<>!Wef;.,, .... >,, , ,.,pbyedwhichl<>d tot O< infinite><GLl<'OC• of 
octiool"ofilos 

····'······'· •<+', .. 

.. Suw<»<tO<>tWef;.,, .. ..... >,, >,.,pi>)'<dwhichl<>d tot O< infinite><GU<nceof 
octioo!"ofilos 

····'······'·•<+', .. 

.. Suw<»<tO<stWef;.,, .. ..... >,, >,.,pl>yedwhichlodto t O< infimte><GLl<'OC• of 
octioop,ofilos 

.. lt m,ybeun re,ooo, bl<toth,nk , boot , n infon itelynepe>todg• m< 

.. H~ rthedi<coont factot instu d cooldbe int e<p,ttodbythep,obah< lit)ofthe 
gam,/ rel>tioosh ip ondingat >nypoi nt int im< 

.. H~thedi<coontfactot inste>dcooldbe int e<p,ttedbythep,obah< lit)ofthe 
gam,/ rel>tioosh ip onding at> nypoi nt int im< 

.. Thu, . , n infin itelynepe>tod ,am<doe>not n<eessarilynep,,..nt > ><e<o>rioin 
wTlich the,e .,. an in~nite number ol pe,iods, but ,>the, > ,el>tio<w>ip wTlichond• 

:!''.tetime,mhp«><>abolityon<,but inwhichthet ime>twhich t O<rel>tionsh ip 



.. l•"""'°""'"ample>ofOOWtocompetepayoff> in th<rei, .. t«li•m< 

.. L<ts ... oomeexomple!.ofOOWtocompetepayofls inth< ,_t«ll>m< 

.. Coo>id<,fi,.tth<mnegyprofii<inwt.i<hs;(h' ) • C;lo,olli • l.2ondollh' 

.. 1"'";.c.,.,, ,o, p;,yoflolplay« l inth;.r,peated &•me;. """'-TBJ/ , aa0 1 - ~ 

.. Lets ... oomeexomple!.o/OOWtocompetepayofls inth<,_t<dgome 

.. Coo>id<,fi,.tth<mn-prolii< inwl,i<hs;(h') • C,kw alli • l.2•nd•llh' 

. ,, '""· .. ~,., -=a:'.·~7i,;] ··-. ·-. 
, .. 1 - 0 

.. Whataboot inth< 1rim triu «stfat=prolii<? 

.. Lets ... oomeexomple!.o/OOWtocompete payo/ls inth<,_t<dgome 

.. Coo>id<,fi,.tth< ot rate~prolii< inwl,i<hs;(h') - C,kw alli • l.2•nd•llh' 

.. 1"'";.c.,.,,,o,P")'Oflolplay« l inth;.repeated gam,;.Ji>'ffibj,· 

~-·-~ 

L"""'°""'"ample>ofOOWtocompetepayoff> in th< rep,at«li• m< 

.. Coo>id<,first th<<trategyprofii<in wl,kh >,(h') a C,fo, a ll ; ~ l.2andallh' 

.. 1"'""'"""'·'"'P")'Offo/pl>ye< l inthoa,epeotedg>m<oag;..,,,i,,,,· 

~-·-~ 
.. What a boot inth< &rim triU "'"'"ecYprolii<? 

.. ~.~::::.·~:;~It= 1?.~~.r trigs., " " 1-i) profi"'. th< «q.-co of 

.. Th., t h<p>yoffso/ allpl>ye,$oa opin ~ 

i t-= .t- -t K 1't -< ---~ 
-1- -~!r, ,1.£t- ~® 

,-- -
~ TT] 

~Y-1i~/, J...- 6 
~=c) tao 

(i-f(1-{) 
tt ... 
r:::.d 



~ How abootamorecomplicatod<t<•tef;)lprofilel 

~ How about• morecomplicatod <tratef;)I profile? 

(C,.O,),(Di,C,).(C,,D,), 

Lect ute 19 Infinitely Rej>eatod Wmes 

lnt ,o<JuajontolnJ;n it oly R• p<>tod C.. ma 
Subga meP<tfectNa<liEQuolibrium 

u,(c.A)• ~ U{t>,,c~ )ti' u.(c~aj .. ~3V,(~,c~ )."' .. 

U,~1,l>z.)[!-t s;-t ~'1,. .. .J +-lJ{D,,Cz_)~t i\ f;-+·-J _ 
Ll,(c.}0 f b'' t-U,{p,,(2 C. ~.," -17 ii_(~ i$ ~)~ 

C--CI l;-..c.) tee> ~ 
ll,(G,'Dt')---½:-._ < lJ,(t,.,c~) ~ ·.1-._ 

l-2> 1 ~2 c...-..( 



Tt..o..~m (On...<tag~ ~iatlM pr,oc,pl,) 

s is•wl)g•m,pe,ft<:tl'l••~oquilil>num(SPNE)if • "O,:,,,lyif•t~ 

ZS!J'~'\Z :;,~,;y':,.: ;;~•:: ~ ~ viatin,;Ju>f at ti.,, t •00 

.. Th;sisext,em,lyusdul~oce...,,:,,, lyoeedtoeheck th., ~·;,;opt;m•l•g•;nst>II 
po5S<ol<oo,.>1 aged....atioo,ratO,r thanh avingtocl>K~that it ;,; opt;m al 
•g•,n<t all ,; 

.. Th;s isext,em,lyusdul~oce...,,:,,, lyoeedtoeheck th., , , ;,;opt;m•l•g•;nst>II 
pos,<ol< 00<->tage d....atioo, rat h<f than having to cl>K~ that it ;,; optim al 
aga,n<ta ll ,; 

.. Wewi ll ,-f>1<tthiJ;ntopr><:t•:e•o • n•lyzewbgamepe,fe,:tNash0<1uil;bti•of 
;nJ;n it<ly,.p.,ted 1ame, 

Lect ure 19: Infinitely Repeated Games 

.. Q,,.k,ndof,qu ili Dfium!.hookl b< <tra,"1tforwarO: uchpl.,...,.p1,y<D,andO, 
>lwa)'<•t >ll inf<wm>tioo ,ets 



.. Ur>der th1>,tr>tec:," llfolii<>i,,.; . 1o,allh i,tor;..a< 

v,(.; .,.;1a'J - v,(.; . .;i•'} - o 

.. Ur>der th1>stratec:," pro/ii<>i,,.; . 1o,allh i"°'"'"' 

v,(.;.,.;1a'J - v,(.; . .;i•') - o. 

V,(,;.,.; I h') ~ V,(,;.,.; I h'J~ O 

.. Th ... (,; .,.; ) ;.a SPNE 

vrv 

I J 

Tl 



.. Whatotht,- k;f>dsofSPNEa,et"°"? 

.. Wh,,n ' he ,._,e,:1 g.,me i< infin,tely ,._,ed. thi< i<,., loog« ""' 



Ca<e l : 

.. Surpo,,fir>t thath' 'f' (C.C. ... , C) 

easel: 

.. Supp<>sefirstthath' i (C.C. . . . . C) 

• P l>)'t<S .. e-h wpp<>setopl•yO; 

ease l: 

• Supp<>sefo,.tthath' ~ (C.C. . . . ,C) 

• P l>)'t<S....,=hwppo,setopl>yO; 

• Thu, .-flttd toc -.C~ that 

Ca<e l : 

u,(D,,D_,)+.W,(•" l (h',D)) 
?:u,(C,.0_1) + 6V,(s'l(h' . (C,.D_,))) 

• Surpo,,fir>t thath' 'f' (C.C. ... , C) 

• Pl~ ateuch«Jppo,, to pbyD1 

• Tn,.._,...,_ toc...:kthat 

u,(0,.0.;) +.W;(> ' l (h' .O)) 

:2:: u,(c, .0_1)+.W,(•'l (ll' .(c,.o _, ))) 

• 8utsinuh' ,,'(C. C.., .. C) 
v,(,' I (h'O)) ~ v,(,' I (h' .(C,. D_,))) 5 u,(0,.0. ,) 

Ca<e l : 

• Su-fir>t thath' 'f'- (C.C. ... , C) 

• Pl~ areuch«Jppo,, to pbyD1 

• Tn..._,...,_ toc..Ckthat 

u,(0,.0.;) +.V;(• ' l (h' . O)) 

?; u;(C, . O_;)+ oV,(s'l (ll' .(C;. D_; ))) 

• Butsin«h' ,,'(C. C. .... C) 
V,(•' I (h'.D)) • V,(,' I (h'. (C1.D_1))) • u,(D,-o_,) 

• Sot .. , OOYOin,qualit)i<<.ati<f;..Ja rnd onlyif 

u,(O,.O_1)_:>: u,(C,- O_1) 

I °" - -

Vt-i1> ) Vo 
_L ~ (__ 
\-~ 

l //' 2--2:-~ 

L';;~ \ ----
~//l

{-



.. Suw-fo,.t •h•th' ~ (C.C CJ 

.. Pl>)'t<S ....,=hww- toP,yD, 

.. Thu, ,-flttd to cn<C~ that 

u,(o,,o_,)+N,(•" l (h',D)) 
c'Cu,(C,.0_1) + 6V,(,'l(h'.(C,.O_,))) 

.. But<inceh'1,o(C.C. . . ._ C) 
v,(, ' I (h' .O)) = v,(, ' I (h' . (C, .o _,))) 5 u,(0,.0. ,) 

u,(O,,O;) c': u,(C,.O,) 

.. But •h,.;,,,,11,.fi<d<incoOo;aNa<hoquil;t,r,umof•ho,tag,Jam< 

.. Suppo5<,n<t .. dtha•h' =(C.C. . . . ,C) 

.. Suppo5<,n<t<adtha•h' (C.C. . . . ,C) 

.. Pl>)'t<S ar,both..,ppo<tt1topayC; 

.. Suppo5<;,,.,.ad,hath' (C.C. . . . . C) 

.. Pl>)'t<Sa,oboth!.Uppo<tt!topayC, 

u,(C,.C ,) +& V.(•'l(h',C)) 
c'C u,(O,.C,) +6 V,(s' l (h'.(O,.C,))) 

.. Suppo5<;n<t<adth>th' (C.C. . . . . C) 

.. Pl>)'t<S a,oboth!.Uppo<tt!topayC; 

u,(C,.C ,)+N,(s'l(h',C)) 
c'C u,(O,.C,) +6 V,(s' l (h'.(O,.C,))) 

V.(•' l (h' ,C)) • u,(C,.C,) 
= l. V,(s" l(h'.(O,.C;)))=u,(0)=0 

.. Suppo5<in,teadthat h' • (C, C,., C) 

.. Pl>)"<'>..-.bothwppo<ttltoP•YC. 

.. Thu,,-flttd tocn<C~th>t 

V;(•' l (h' , C)) - u,(C, . C,) 
• 1.V,(s"l (h'.(O,.C;))) 5 u,(O) ~ o 

.. TM<efoto, tho • t>ove .... • .. fied;fandoo ly ;f 

l + <lc":2 - 6c": 1/ 2 

.. Suppo5<in>t<adthath' - (C,C,., C) 

.. Pl>)"<'>..-.bothwppo<ttltoP•YC, 

.. Thuo,-flttd tocn<C~t h>t 

V;(• ' l (h' , C)) - u,(C, . C,) 
• 1.V,(s"l (h'.(O,.C;))) 5 u,(O) ~ o 

.. TM<eforo, tOO a1>ove;,, ... .. roec1;f,ndoo lyif 



~ TheaOO'>'efo,dinpth>tSPNEmayinv<;N,,.,he,.~n;.,,,o1,ct;.,,,p,ofile th>t ;,. 
not•<t•i• i ar1><NE,.not<p<eificto ju<tthe infinit<!yr<p<atedprisoo,,1', 
dilem m• nthe follewingt"-emdemonsM\ .. 

Tt..o..em(Folktt..o..em) 

u,( J) > u,(•'), . . . , •• (J ) > u,(•'). 

~ J..) lb 'D<ce Cu.1Mo ~ 
z.._')uo ~ l),ce C<.ttl. $4 'Et>$ 


