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Lecture 20: Infinitely Repeated Games 

LKtur.-20: lnfjnitelyR.-peatedGa~ 

Loctu r.-20: lnfjnitelyR.-peatedGa~ 

• Singl.,_ p,,.odnoo-coop,rativ, Coun1ot gan1<e: uniqu<" NE 

• Fi rm< producc high,r-outpu! . r<"Cciv, low,,r profits th an ifthey coop,,at,d 
(prisoners 'dilemma) 

• Singl.,_ p,,.odr1<>n-cooper>tiv, Coun10t gan1<e: uniqu,,NE 

• Firm,pro<Juce higher-output. ,cc,:isc low,,,profit,1haniftheycoope,at,d 
(prisonc""di lemma} 

• Can cooperation occur in mu lt~p,riod game,? 



.. N-firmCournot.,ttinggame 

.. N-firm Cournot.,ttinggame 

.. N-firm(ournot.,ninggame 

.. Firm r , prof,t: " ' ~ q,(•- b(q,_ +q, + · · · +qN) - c) 

._ N-firm(ournot.,ninggame 

.. ln<lust,y ;n-..O<m>n<i<urvt: p • • b(q,_ + q,+· · · + qN) 

.. Firm r, prof,t: ,r, E q;(a- b(q,_ + q, + · · ·+qN) - c) 

.. Firm r, 1>«1-r«p<>n0<fooct,00:8R,(q_, ) ='it-~ 

.. N-firmCouroot.,ttinggame 

.. Firm r 1 1>«t-r«p<>n0<fooct,00:8R,(q_,)='it-~ 

.. Symm<trkNEqu•ntit;.,,; q' - ~ 

.. N-firmCournot.,ttinggame 

.. Firm;•, p,ofot: ~, = q,(•- b(q,+ q, + · ·· + qN) - <) 

.. Firm ;•, h«t-r«p<>n0< fooct,00; BR,(q-1 ) • 'if ~ 

.. M>rut pric•· p' - ~•+~< 



" N-firmCournot., ttin gga me 

.. ln<!Ust')' ;n,,..,.., O<m• nd CUM!. P• •- o(q, + <n+ · ·+ QN) 

• fom ; ·, pr<>1;t; ~; • q.(~- o(q, +rn+ . . . +qN)- <) 

• Firm i"s b«t-r«p000<fuoct,OO: BR,(q-,)~ 'it-~ 

" Symm<trkNEqu•ntiti<,,: q' - ~ 

• M>rkt price. p' • pmj•+~< 

• Per-firm profit,: ~·. r\F.{f. 

2-pe,">d CourJIOtg• me 

" 5.ecood per.:,d : unique NEint he<esu bgames (play theNE) 

" Whatabout3period,? 

" What about ~ 

" Infinitely repeated ga me 

" Infini tely repeated ga me 

" ~;.:7reSPNEofthi,game inwh ichbothlirm,playq"(ce>opeute)cach 



• Infinitely repeated game 

• ~:~;reSPNEof thi,game inwh ichboth lirm,playq<(coopeute)each 

• D-nt.ate6 E [O.l].wh;chmuw,ahow"p.at,ent·•firmio 

• Infinitely repeated game 

• ~;~;'" SPNE of thi• game in wh ich both firm• play <f (coopeute) each 

• D-ntrate 6E [O.l].wh;chmuw,ahow"p.at,ent·•firm io 

• Property: x +J, +5' • +···+ 0'.<+· · · =r', 

• ln~ nitely repeated game 

• ~;~;roSPNEofthisgame inwhi<hbothfirmsplayq<(coopente) each 

• Di,countrateO E [0.1].wh i<hm,,aso re<how "p.at ,ent"•firm is 

• Property·x+ &K+P,+- -- +O"x+-- -- r=, 

• Consid<-rthe followin&•tr•t• ll' 

• 1: • z reg«>ted p'l!S-,, 

• ~;~;'" SPNE of this game in which . firms play q< (coop•'"'$/ each 

• Discountr•t< 6E [0.1].whichmeasor,,how "p.at ,ent"afirm is 

• Property: x +J, +5' • +···+0".<+· · · =r', 

onsid<-rthefollowing,tr• tegy 

• Aheraperiodinwhi<hc heating{eitherbyhim.,lf0<th<oth<rfirm)ha<occurrod 

• P,oJ}OSed<t rategypre<cril>Mplayingq' fO<ever (by all fom<) 

• This i<NEofthe <ubgame: playingq' isab-Mt- re,pon.,tootherfi rm<playingq' 

• Aheraperiodwhennocheatinghasoccurrod 

• Th i,yields discounted PV = ,:d +J(,,.•/(1 _ J)) 
• ln0<de, fO<q,tobeNEofthis<ubgame. ,equi re1r</ (l-J) >1rd+J(,,.'/(l-J)) 

• n' / (l -J) >n°+J(n' / (i -J)) 

• n· lue ·nc,ea..,.w·, h n(".e .. !lusionis harde,toma intaina, thenumber of 



Lecture 20: lnfinitelyRep,atedGames 

Lectu re 20: lnfinitelyRep,atedGames 

~ ,trandn-firms --
• Singl..-p,riod non-c~rati.a B"1"trartd garn, (with continoous pricM): un ique NE 

• Singl..- p,r,odnor,.ox,p,rati,cBcnr;,rtdgamc(withcontinoouspri,;cs): unique NE 

• Singl..-p,riodnor,.coopcrati,c&nr;,rtdgamc(withccmtinl>Ou<priccs): unique NE 

• Can cooperation occur in mu lt~p,riod g•mesl 

• N.firm~rtrandsettinggarn, 



.. N.firmBert,ands,ttinggame 

.. lndustf)' '"""" <l<m•nd curve: P• •- b(q, +<1>+· --+qN) 

.. N.firm Bert,and s,tting game 

.. lndustf)' '"""" <l<m•nd curve: P• •-b(q, +<1>+· --+qN) 

• fom i 's po-ofit: ~, = q,(~- b(q, + q, + , . , + qN) - <) 

.. N-firmBert,ands,tt inggarne 

• lndu$1f)'in"""'d<m>nd<urve: P= >- b(q, + <1> + -- ·+ qN) 

• Firm i ' , profit: ~, • q,(~- b(q, + <1>+ . . . +qN)- c) 

.. N-firmBert,ands,ttinggarne 

• lndu$1f)'invt""d<m>nd<urve: P= >- b(q, + <1> +· · ·+ qN) 

• fom i's po-ofit: ~, = q,(~- b(q, + q, + , . , + qN) - <) 

.. N.firmBe,t,and .. uinggarne 

.. lndustf)'in"""'<l<m• ndcurve: P• •-b(q,+q,+- --+qN) 

• Firm i 's po-,:,f,t: ~, = q,(~ - b(q, + q, + , . , + qN) - <) 

.. lffi,m<~rate: m >Xp 00 PT---+ p oo"}" 

.. q< = ~ 

: ;~~::,;: ;~: ;·t::.:::;·::.::.7.::.:,:: ::::.::., 
Hrningsa ll formy ...,lf 

.. Sothe po-ofit<lromdeviatingare : 1r• - ~ 

.. Whatilwe rc~at thcgamc? 



2.p,,iod Courn<>I game 

• Seccmd p,riod : uniqueNE intheSe wbgames (pl;,ythe NE) 

• Fi r<! p,riod: Gi,en that NE in r • 2----> unique SPN E is I<> pl;,y the NE <>f the 
st•ge game in booth p,,iods 

• Whatabout3period,? 

• What about Np,,iods? 

• lnfinitelyrep,atedgame 

• ln~ nitely repeated ga me 

• Aret here SPNE<>fthisg•me inwhichbothfi,msplayqc(co,opente) each 
l)efiod? 

• ln~ nitely repeated game 

• Aret here SPNE<>f thisg•me inwhich bothfi,msplayqc(co,ol)e,ate)each 
?<•iod? 

• Di>U>Unt ra1< 6E [O,l].whichmea><Jr,.l,ow "pat itnt"afinn is 

• lnfinitelyrep,atedgame 

• Are t hereS PNE <>f thisgame inwh ichbothlirmsplayq<(cooperat<)each 
?Oriod? 

• D-nt,at< 6E [0. 1].whichmea><Jr,.how"p.at itnt"•firm is 

• Property: , +J, +5' • +···+ 0'.<+ · · =r', 

• lnfini tely,ep,atedga me 

• Aret hereSPNEofthis game inwh ichbothlirmsplayq"(co,ol)efate) each 
period? 

• Diocoont rat< OE [O.i).wh ichmea«J re<how"pat itnt" afirmis 

• Cooside<th< following,ttat<,;y 

Firmi«><>p<,ate<a,k>nc a,it ob5o"'"'•ll otM<form,«><>p<,ating. lf a ootM< form 
ch<at<.firmi prodoce<th<Coo rnot•Naihquant,ty""'"fperiodh<teaft<r:Nash 
,.,....,n,on (o,"1rimmatec" ) 



• Infinitely repeated game 

• Arct hercS PNE of thi,gamc in which bothlirm,playq<(coopeuto)each 
period? 

• D-nt.ato 6E [O.l].wh;chmuw,a how"p.at ,en1· •fom io 

• Prop,tty: • + J , + 5'• +···+ 0'~+· · =r', 

• Conoi<it<thtfoti.,..,;ng ot,• tegy 

fomi«>OP«ata ••lon& ••itob>erwo•ll othe<foms«>OP«• ting. lf • nott>e,fom 
cht• t<. formiprodoc .. th<Coo rnot-Na<hquant,ty.......,per,odht,eaft<r: Na<h 
,.,....,n.io,, (o, "1rim,trat<c:,1" ) 

Coosiderfami(,ymmetricfo,allother firm,) 
Thtrc arctworclevant , ubgam"'5 forfirmi 

• Afte, aperiodi n whichc heating {eit her byhim.,lf o, th,oth<rfirm ) ha<occur""' 

• P,oposed,trategyprnc,ibe>playingq' fo,eve,(bya ll firm,) 

• Thi, i, NE ofthe,ubgame: playingq' i,a beit- rc,pon,etoothe, firm-,playingq' 

• After a pe,iodwhennoch<atingha,occurred 

• P,oposed<t rategyp,ncribMcc>ope,ating andplayingq' , withdi<eoon\edPVol 
payoffs=1t' / (i - J) 

• ThebMtotherp<>s<ible <tr>tegy>< toplay8R1('1'.:,) aa q,°thi<period.but th<nbe 
facedwithq,=q' fo,.,....,, 

• Thi,yield<di,countedPV • ,,."+a(,,.' / (i-8)) 

• lnorderforq,tobe NEof thi,,ubgame. require .-' / (l - J) >.-" + J( .- ' / (1 - J)) 

·8.::+&l;.'/(1 &)) 

• Thisva lue inc,ea.,.wit h n(i.e .. collusion>< harde,toma int.ai n >< lht nu mbe r of 
fi,msg,ows) 


