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A few things lfo,got tosayabouteconomieswith production 

.. Withprnductionb,_WO<th ~ ustrationsa ,enolongerhe lpfu l 

.. Depending on the product ion plan, thesizeofthe boxcanchange 

.. lnstudwew::,,kwith what is called a production possibilities fronti" --
lecture6 General Equilibrium 

A few things lfo,got tosayabouteconomieswith production 

General Economies with Many Consumers and Production 

lecture 6: General Equilibrium 

RobinwnCruwe 

.. lmaginetheproblemofRobinwnCru,;oe,livingaloneinanisland. He is the only 
producerandtheonlyconsumer 



Suppos,ethattheconsumer(Robinson)hasautilityfunction 

whe,e xa,ecoconuts. Th. ~ ere,sonefom(Robinson)thatcanconve,tlabortococonuts 

Th l'"iTw'1 
e endowment is f; l) ._ i_:;.::.:...l 

""'L,1"'1\'(l 

WhatistheParetoopt imalallocation in t b's«Q!Wmy? 

Or equivalent ly 

Or equivalent ly 

Wecansolvethiseither usingcalcmlaxu(Lf(l-L}) 
uusorg,aphically 

Using calculus 

Using calculus ThisiS\heordercondition 

~(L,f l- Ou _ ,JL ( L)) - a,;(L, f(L - L)))f'(l - L) = 0 

Using calculus. 



Using calculus This is the o,der condition 

~(L, f(i - L)) - ~(L, f(i - L)))f'([ - L) = 0 

~(L, f([ - L)) = ~(L. f([ - L)))f'([ - L) 

f (L , f([ - L)) _ , _ 
:,;: (L , f(L - Ll)) - f(L - l) 

f'(i - L)= @t (L,f(l - L)) 
l}; (L ,f(l - L)) =MRSL.x 

., ~=:~~:;:t; :pRltit of c_onsumption in L, f'([ - L) d . 
0 ,n50n w,11 be able to consume escribes how much 

., This is what is c~lled a Marg·n IR , a ateofTrans formation of goodLtox 

f'([-L) = @i (L,f([ - L)) 
~ (L,f([ - L)) = MRSix 

f'(i - L)= ~ (l,f(l - L)) ~ = MRSL,< 

E RTi.x = MRSLx- ] 

We can50lvetheabovegraphically 

Wecan50lvetheabovegraphically. The set 

desc ribesthe possible se {(L.x): x :o:; f(Lx) , Lx + L :,; [ ) 
economy. ts of bundles that Robin50ncould possibly consume in th is 



We can 501~ the above graphically. The set 

{( L,x) : x :«; f( L!\ ), L, + L :«; [ ) 

desc ribesthepossiblesetsofbundlesthatRobin50ncouldpossiblyconsumeinthis 
ecoMmy. 
This is called the produclion possibililiesset (PPS) 

We cansolvetheabovegraphically. The set 

{(L.x) : x :«; f(Lx).L, + L :«; [) 

desc ,ibesthe possible sets ofbundlesthatRobin50ncouldpossiblyconsume inthis 
economy. 
Th is is called the production possibili t ies set (PPS) 
The boundary of the PPSistheproduction possibilitics fronticr (PPF) 

Thefront ier isbasica lly descr ibed by thecurw· 

x= f(L, ), L, E [O, [ ]. 

T he frontierisbasicallydesc ,ibed by the cu=: 

x = f(L, ),L,E [O.[] 

T he max imization p,oblem for findi ng Pareto efficient allocations S<mply amounts to 
maximiz ing the utilityofRobinsonsubject tobe ing inside t his constraint set 
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Robinson(ru50e 
Econllntuition 

~ Recall that at a Pa reto optimum. we found t hat we must have MRTc., = MRSi., 

~ Suppose one is at an allocation where MR Tc., = 2 > MRSi., = 1 

~ Such anall<x;ationcannot bea Paretoeffi<ientallocation . Why? 

~ Recall that at a Pa ,e!O optimum. we found that we must have MRTc~ : MRSi., 

~ Suppose one is at an al location where MRTi, , = 2 > MRSi ,, = I 

~ Suchan allocation cannot be a Pareto efficient allocation. Why? 

~ One could potentia lly ,eorganize p,oductiontogetaneven better outcome for the 
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Supposethattheutilityfunction isgiven by: 

u(x , y)= ,fiy 

Supposethere a,e '-'x un itsofxandsupposethattheproductionisgivenby 

fy(x) = 2,/,i 

Then t he maximization problem for Pareto effic iency ;s giV<!n by: 

ma x u(x, y) such that y $ fy(x') , x' + >< $ "-'x 

Then t he maximization problem forParetoeffoc iency;sgiV<!n by: 

maxu(x, y}suchthaty $ fy(x') , x' + x :'owx 

This simplifies to 

We obta inthefoll=;ngFOC 

Therefore, 
2~ I - ,-. - ~ =· 

The,efore, 

Th is implies t hat 

2(wx - x· )=x· ==>><' = ~.y• =2~ 
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., The consumer has a ut ility function u(x.y) 

., The consumer is endowed wit h O units of both x and y but x and y can be 
producedfromlaborandcapital 

., She is endowed with K units of capital and L un its of labor 

., The re are two firms each of wh ich produces a commodity x and y 

., :!~:;i~:u::,~::~:~i;!n:i;n'lduct ion funct ion.!:_ and fi rm y produces y 

l fx( l ,.k,). fy(fy .ky)- ) 

TosohrefortheParetoefficient allocat,,::ion"'== ~'::," '----
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Then giventhePPS.wewant tomaximizethe utilityoftheagentsubject tol>eing 
1nsodethePPS. lfwewanttomax1m1>ethe ut ilityoftheagent,weneed 

l. ThechOSl'n (x' ,y ' )must beonthePPF. - ~ 

2. The indifference curveoftheconsumermust be tangent tothe PPFat (x ' .y") 
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Calculus Approach I 

To f'.nd the PPF: given tha t x un its of commodity x must be produced. what is the 
maximum amount of y "s that can be produced? Thus 

PPF~ )=~t.; ~ / such tha0= fx( ~ y- ~ 

" t::-; 

-V 



Set ti ng up thelagrangianwegel: 

maxfy(fy, ky) + ,\(fx(L - fy, K - ky) - x)) 
1, .• , 

The first order conditions gi"e us: 

'-.. s..i /.f •• e5'(l",k"r:'.\,e',_(L - t;,K - ,;)~O d d'/0'1- ue , , 11::J' oe 
"\j,/.Ju. ~(f' k')-,\~(L- t ;. K -k;)=O ., .. ,., f)k y · y f) k 

., Toactuallysolvefo,theopt;malx' andy'weplugthisbadintotheconstraint 

~ , ~ 
., The refore at a Pareto optimum we must have~ = TRsr, equal,zed 

th theEconlintuitionforthisaswehave done ., You should be able to come upw, 
pn,viously 

., A Pareto optim um alsore<Jui,esbullet poin t 2above(i.e., ind ifference curve is 

tangenttoPPF) 

., Bythe envelopetheorem 

PPF'(x) = 

., Note that mathematica lly, this is given l:,y PPF'(x) 

., How do we ca;;;;:)t:~axf,{fy, ky) + >.(f,(L _ ly, K _ ky) - x)) 
1, .• , 

., Bytheenvelope theorem 

PPF'(x)= 

y~~t 
~ r 



~ :y J-/1 'r 2..)( 

G,~·M,o; _. I J, t2-X ::::o'tU 

2. A<(,·.,·)'"' '"''"'""" "'"''"'"''"' '"'"' ,e~t . ~· --- " ,,y .,,, 

1JW.~
I ~to~N!t/., 
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} Calculus Approach 11/ 

We ~ve directly the original maximization p,oblem 

m3~ ~ suchtha t x :S f,(l ,,k, ),y :S fy(fy,ky) , 

L 2:(,+ fy, K 2: k,+ky 

We can simplifythepmblem 

Then the first ordercond itio ns giveus: 

T hen the first order cond itionsgiveus: 

TRSf. = TRSf ,, 

MRS,.y = MRT,,y , 
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Concrete Example 

Supposethattheutilityfunctionare g i,,.,nt,y· 

I~ 
andsupposetfiattfiep,oduction func!ionsa,egivenby 

~ (ly, ky)=-.1½-J 

L-, k.. . 

T hen Pareto efficiency involves solv ing the following max imization p,oblem 

Bythelimo,dercond it ion.weneed: 

Plug!hisbad intotheconstraint : 

T hen we need to ma~imize the following 



lecture 6: General Equilibrium 

A few things I forgot tosay ~bouteconomieswith production 

General Economies with Many Consumers and Production 

lecture 6: General Equilibrium 

Generil Economies with Many Consumers ind Production 

The .set of_ Pa reto eHi~ie nt al loca t ions will be characterized by the fo llowing 

ma,om"";;;:::::: ,/1-<'h(,/ ,/) ~ a(>/ ,/) ~ (J-1) 
,,+ ,,+:,'~ ;·:; .. ~·i::·;;: ::~, "'·. ff\c{ l 1-z \c.. ~L) 

- _.._., a(\;)=l ;~ 1 1J L, -
x/+- x/+z/+-- +z;',:;'~'r,(,:, .... ,{)+t,<o{ 
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TkM ~ l(:;JV 
Cunple 
l1 <-r 3 
P,ll.- i l"::E 

lw~ ~cfl69rrc, 


