
Lecture12.…

Lecture12.pdf
Tuesday, March 22, 2022 2:26 PM

Lecture 12 Game Theory // Nash equilibrium 
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B<autycoot~t 
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B<autycoot~t 

• Th< .,mog<>Hfo, >oy numM<"b<t......,20( ;ocl"""")•od30{notincludoo) 

• K..,..;n1th><,>ll ;oo ;, id ""hool,...that.....,_ohewill..iecta nu ml><, 
""""""'30•ndoO(i .• .• •-,El30.oOI) 

• Play;,,g, o, mt,,,bo_,,30,oo ,5(Mt ;oc1,,:i;,, )-,1o oo«,i<tlydom ;o•«•< 
l>,,pl;,yin,•5 

B<autycoot~t 

• K...,.,;n, th><. • II ;oo;,;o ""h Ml'°""th>t_.,,.,.-,.;1..-, no mt,,, 
.,.,.._,,,30,nd60(i .<., >-1El30, 601) 

• Pl,y,n1,o umM<"b<1-,,30 , M•5(r>OtioclOOiniJ-,loOOmi<tlydom ioat.O 
l>,,pl>)in,•5 

• K..,..;ng thi$, ,ll ;OO;..;o u,hool-th,t.....,_ .... ,.;1><1tet, no mW 
-.i•s andOO(i.• .. •-1E l•S.f>OI) 

B.,.utycontfft 

• Ti.e., ,,,. ,.,..1o,,oynumW-20(iocl.,.vo) , od30lnotN>dudeo) 

• K..,..;n, thi$,,llind;.,,loo,hool- th,t _.,,.,.ohewils,lect anomW 
""""""'30•ndo0(i .o., ,_ , E l30.f>OI) 

• Play;,,g, o, mt,,, i.,_,, 30 , oo •5 (Mt ;ocr,.,:i;,,) -,io 00 <t,i<tly dom ;o>tOO 
l>,,pl;,yin,•5 

• K..,..;n, 1h><.,lind ;.,,1<""hool,...th,1_.,,.,.ohewil>N«t, nu mM<" 
.,.,.._,,,,S,ndo0(; ,o., >;El• 5, f>OI) 

Bu utycontfft 

• Ti.e.,,,,.,.,.. 1,,,,oynumW-20(iocl.,.vo),od30lnotN>dudeo) 

• K..,..;n, t h,<,,ll ind MO""h_,,. that _.,,.,.ohewils,lect anumW 
""""""'30•ndo0(i .o.,,_,El30.f>OI) 

• Play;,,ga o, mt,,,bo......,30,oo ,5(Mt ;oc1,.,:i;,, )""'" lo OO<t,i<tlydom ;o>tOO 
1>,,pl;,yin,•s 

• Know;n, 1h><.,11in<1;.,,1o"""°"''°""'h,1 _.,,.,.ohewil>N«t, nu mM<" 
.,.,.._,,,,S,ndo0(;,o., >;El•5, f>OI) 

• Thetol utio,,b,- mo,,..of itomed-'""••atio,,ofdom,nat<On"telin,< 

(001==00) 

lectuf<i2: Gam<Tl><ory // NWl<Guilibr,um 
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A 3,• ,,3 
B 5,3 3,5 
C 5-;-3 •,l 

• s 

' 



.. 
A l, • •. 3 
B 5,3 3,5 

5-;-3 •,3 

• -..,.,if pl')'<fii><Ur< th>tpj.,,.,.,-;.eo,n1 topby ,h<~O< 
"""'~e1y.,.t;1f.,..,, 1,e,-p1oy;ng8« C 

Defin itoon 
~ -•kly c1om;n>1« I;~ fo, ,n _,.,,,"""<!<>tee I'"'"~-.._, Es_,_ 

u,(~.<'.':,)> u,(_,;. ,:" ,) 

• s 

' 
• lf...,olimi.,t< 8 (C dom,n,tes-kly), t'- ,.,.,,1yd,om;.,,., O,nd"'" c,n 

tli,n;n>t•b•ndt-•pl-lwould..,_pl>:,A.Th;.io>d, 101h<,.,.h 

(C•) 

.. 
A l,• •,l 
B S,l 3,5 

• lf,..ol imi oat< B(C<lomH,., .. _.kly).t'->wuklydomioat«b >ndwoe>n 
fflm,n,te b,ndth<f<la-epl')"f\would .....,,-pbyA.Thi>l<ad,toth<,....tt 
(C•) 

Le<t ur<l2·Garn<Th<,ory // N><1,0quilibrium 

lectur<l2:G, m<Th<ory // NW1equilibr,um 



Wedef,ottBR,( '-1)(be<t respons,) • •tM,etol,trate,;.esof;r,d;v,<1u, l ith• t 
m,x;m,.eho<utHity1~th,to<he,>ndMdu,l>fol.,,.tO< ,t" t<JYp<Old<•- • 
Famally, 

Wt dtno<, BR,( o- ;)(1><,,......,.,,.J ., ,oe .., o1 .. ,.,'l;,,. o1 ;.,;;,,;,tu,1i,hat 
ma,6,n;r, ho< utHi!y l""" that oth«OldM<lu•l<roi.,,.,oe .,,.,'l,P'<>liltL; 
F<>-ma lly, 

W,n;\,on 
Gi,..,, a str>te,:y..-o1;1<ofoppooents L; ,wecandefa>ttO<be<t tespons,olpi.,...; 

8R,( o-;) • ¥J; «;:•,( ,;. , . ;) 

.. ~· € BR;('- ,) ;faodoo ly ;f u;(~ . L;) <C u;(<,. L ;) fo, aU •i E S; 

Wt dtno<, 8R,( o- ;)(1><,, ......,.,.,J ., ,oe .., o1 .. ,.,'l;,,. o1 ;.,;;,,;,tu,1i,hat 
ma,6m;zehe<utHi!y 1""" that othtt OldM<lu•l<rol.,,.tot ,1'at<1yp<olilt L; 
F<>-ma lly, 

W,n;\,on 
G;,..,, , ,.,.,.., ,..o1;1<ofoppooentsL ;,wecan defa>ttO<b<>t tespons,olpi.,... ; 

8R,( o-;) • ¥J; :;-:;•,( •i. , . ;) 

.. ~· E BR;(•- ,) ;f , odoo ly ;fu;(~ . L;) <: u,(<,. L ;)fo, an ,; E S, 

.. T ..... O)Ui< t,, m, ltiolo,tr>t'l;,,. ;nBR,( o-;)OUt all,c,;;hW,t'l"" I"" '"" 
,.,,....,,;1;1yt-0pl.,... i d totoppooentsa,,;,-,,..,,;n1 ><cord;n1 to L 1 

Nasli,quilib<ium 

W,n ,t,on 
Suppo,eth••-h•.,• 1at1><(1 • {l , 2, . , n).S, , .. . , s •• -, .. .. , u. ).The<t • 
""'<f'Y p,of;i. , • - (,; , . .. ,.; )i, a pu .. ••• .... ,N,,J,«1uH;t,,;,,md fo, """'1;, 
•i <c BR.{, _'_ ,-) 

Nasli,quilib<ium 

W,n ,t,on 
Suppo,eth.,_h•., • 1• me(l • {l , 2, . , n).S, , .. .. s •• -, .. . . u. ). The<t• 
"'""" p,o1;i. , • - (,; , . .. ,.; )i,a pu .. ••• .... ,N..i,«1uH;1;.;umd fo, """'1;, 
•i <c BR.{, _'_ ,.) 

N•sli,quililYium 

O.fin;tK><t 
Su-thatweh>vt• g• mo(l • {!.2 n}.S, . . . . . s . ... . . .. ,u,) .The<t, 
,t<>t'l)lptof;l<•' s (,; , . .. • •; )>< > puro otfa t.,.yN• slt,quH;t,;um d for """'I; 
•;' E BR;(•.'. ,) 

.. TMi,• cooc,ptol<t•bi Hty,butth«<,.oo-,toeMUre, orpr«I.Ct,thattM 
,, .., ..,;11,_;h tloi,eo ,;i;o,;, m 



lectur<l2:G, m<Th<ory // N• sh<Guilibr,um 

B<,utycootfft 

B<,utycootfft 

B<>utyCOOtfft 

B<>utyCOOtfft 

i,o ~ ·- nl{S,_)• ~ !: 4, $% ~l.{C) 

';t S-.>.,'10 

I \ , ttiZ"L(S0rl { S, 
-;, S,f ..,,, 

S, {,c, s, S14'IO 

~ ~L LG,C/1 bO) 

C 



), 

' ' G 2.1 0.0 
P 0,0 1,2 

BR,(,_,) -{: :~: : : 

' U 0,0 
P 0.0 U 

8R,(L1) • {~ :~:=~ 
The», (G, G) y (P.P) .,. bo<h N;»I, <G U;~1;,;,m 

Mat<hingp<11n,..(Par .. 0Non,s) - Simu lt>,,..,.,. 

Matchingp<11n1<>(Pare,;0N00«) - S1mu lu"'°"' 

. JOOO,.l@) 
(J.QO!l,-1000 

Matct.in1pe,,niH(Par .. 0Nones) - Simu lt>neous 

BR1(.,J•g :::~ 
BR,(•i) ~ g :::~ 

n , ... ;..., N.,hoquM1<iumio,,.,..,,.,tgiH 

lectuf<12:Ga m<Th<ory // NWl<Guilibr,um 



Nasli<Guilibo-ium'"rvi.,..IDSDS 

Bycont<>d"1i<>n 

• $, ppoo, ;, ;,..,.,,. .. 

• Thc,,"'"m""h,"" el ;m ;n.i«l ..,..,.>t<0t<JY ;"thoNo,heo udib,;um ,• 

• l et> zwm ;, ;, t ho ,o,;od wh<re ,.. i;.,, e6mon>to • ""'"CY th>t i< """of,• 

• T'--mU<1h•..,,fo,ir1>t«l'°""'•"• ' "Cl' in tMN><heouilib-ium,• 

• L.,,zwm ;n ;ntot,oood-•wofo., .. imin»• •<t,.t<c)l th>ti<!>"tof,• 

• Wnhout """ o1 , ,-,lity S>y .,.. elim ;n>t<O t ho W>tq:y •i of ;od;,.iua l i 

• Th<n ... m1J<1h• ..,el imi r1>t«l'°'"'<1ut"C)l int MN><heo uilib-ium,• 

• L.,,= ;n ;ntot,oood-•wofo., .. imin»••<t ,.tq:y th,ri<!>"tof,• 

• Wnhout """ol 1-•lity 0>y .,..elim;n>,<O t ho w>1q:y<.' of ;od;..iu, l i 

u,(5;•,.._ ,) < u,(,;·,,_, )v._, E s _, 

• Thc,, "'"m"""-"" el ;m ;.,.,«1..,..,. .,,.,"IY ;•thoNo,heo udib-;um ,· 

• let> zwm ;, ;" tho ,o,;od whe<o ,.. i;.,, o6m,n>te • W>t"C)I th,t i< I>"' of,• 

• Without """ol&«l<'l'>lity<ay - eiiminat<O tho ,1'.,'fY•,' of iodi'h<lu, l i 

u,(,;,,_;) < u;( ,;. , ,)11,_; E S; 

u,{,,' , , _,,) < u,(o; ,•'-1) 

• Th<n ... m1J<1h• ..,elimin.,«l'°'"'""'"Cl' int MN><heo uilib-ium,• 

• L.,,= ;n ;ntot,oood-•wofo., .. imin»•> <t.>tq:y th,ri<l""'of•• 

• Wnhout """ol 1-•lity 0>y .,..elim;n>,<O t ho w>1q:y<.'of ;od;,.iu, l i 

u,(>;" ,1_ ;) < u,( ,;·, 1_;)V'-1 E S-1 

u;(<! . •-1•) < u;(o; .•'-,) 

• Th<n ... m1J<1h•..,el irnin>t«l'°'"''"•'"Cl' int MN><heo uilib-ium,• 

• L.,,zwm ;n ;ntot,oood-•wofo., .. imin»••<t ,.t'f)' th,ri<!>"tof,• 

• Wnhout """ol 1-•lity 0>y .,..elim;n>,<O t ho w>1q:y<.'of ;od;..iu, l i 

u,(5;",1_ ;) < u,(,;,,_ ,)VL1E S-1 

u;(<! . •-1•) < u,(o; .•'-,) 

• Butthi,mu., , ;;,..,.,t,o1,rn ,....,....o1;od....tu,l i 10 1C., 

N,sli<Guili1Yium,,m,;,,. m505 

...... :..:i~=·of IDSDS comtS to• >i~I< wlut;oo, ,n., ,o/ution ~ • 1/a>h Equilibfium 



=:::i.:• • N .. h Eq uilibrium n,, fac t t oat ;, un"!C>< ;, t ri-.ial b,. th< 

Proof. 
Bycootr>dkt""' 

o- Suppo,<that• .. ••• .. tufrom IDSDS I•') ;,no,• N»I, Eq ui~briu m 

By«>ntr>dkt""' 

o- Suppo,<th,tt ... ...,tt,fromlDSDS(<') ;, ""'•N»l,Eq uil;briu m 

F;ntlot"op,ooftto> N.,hEQ uilibrium. Th<f><:t t O,t;,uniqC><;, trM>lb,.t ... 

Pf""""t""""" 
Proof. 
Bycootr>dkt""' 

By«>ntr>dkt""' 

o- Suppo,<th,tt .... ...,tt,fromlDSDS(<') ;, ""'•N»l,Eq uil;briu m 

o- r..,,,,. ·o,h-.du, , it.eo<VJ> 

lectuf<i2:G•m<Th<ory // NWl<Guilibr,um 

E>,mpln 
Coo ,ootCom,><M""' 

CourootComp<tition 

• W• Ml l >pply t h<<on,:eptofpu•t N>shoomlibriumt0>n>ly•toligO<>Olym..-ke<s 

• W, Ml l ,pply t h<«>n<eptofpu•t N><hoqlNlibriumt0>n>ly•<oligO<>Otym..-<«• 

• Suppo,<that•...,..,•...., firm, t oat ?f()Ouceth< .. .,.P'oouct oa .. = 
mMgin>l <o,.t ofl'")do<tion 

CoumotCompetotion 

• WtMl l ,pply th<conceptofpu,.N•sll<q.,;librium to•n•lyzeoli10!l<"l'm,rl tt, 

• Suppo,<th>tt...,,.,......, fam< t h>t,.,,o""''"" .. ""'O">duct h• .,.,.,o 
m>f&inal cootofP'<><lo<t ion 

O- lfh•ml>f><l2p,O<l,.,:,<1r.>f><l,i-,untt,O<th<«><'l'lm<><l ity,_!iwly. t h< in..,.. 

dffl.100/unct ion;,""'°b,.· 



Coun>otComp,t,tion 

o- w, ,.;11.pp1y 1he<onc<p1o(pu,t N>shoq,.;1;t;.;um t0•n>i)-•t oligO<>Olym.,, ,,. 

o- Su ?P<""thatthtt,.,,- Ji rm> t O>t ?f()Ooe<the .. .,.product O>w<tt<l 
ma,g;n.i <o,.t o(P")du<t ion 

• lf ~""l•od2?f()Ooc,q,•od<nunn, ofthecom•no<foy,_t~, t he in_,. 
d<m>odfun<t <>n ;,v-, t,y 

o- Strw:1,'l'K•~S, • 1(). -too ) 

coo-" -~"- (C,,.,. ,OA11V, ~, ..,vt,TA.,~lt'hfMf-j 
o- w,_,.;11,pply the conc,ptofpu« N>sh<quil il;.;um to ,n,l),«oli10!"()fym,rl tt$ 

o- Su?P<""th>tt..,..,._ fam< t O>t,.od oe<tho1>mtp,Odu<tO>w , .,o 
m¥1inal coot ofproduct ion 

o- lf h,m I ,od 2 ,.ooocoq,_ >od ,i., un~1 0<thocommo,I ty ,_,~. t he ;, _ 
d<m>od func t ion ~ ....... by· 

P( 0 ) = 121l - Q. O = q, -t ,i., 

• s,"""..,...,.s, - io.-+"") 
• The uti li~ functionol ?l-i;, 1"""b)I 

• ,( q, .,i.,) = (120 - (q, 1 ,i.,)) <tt 

~,(q, . ,n) • ( l 21l - (q1 -t<n))<n 

Coun,otComp,t,tion 

o- A,tt- any <t , rll),"'"'10»lodlt"ttgi<1? 

Couroo!Comp,tition 

o- A,.,..,.,nyothon? V-,q_, 

~(121l - q; - q_, )q, • 121l - 2q;- q_, 

Coun,otComp,tition 

O- Thost,>ttgi<>q, E (l 21l.-too).,.,trd lydom,n, todb, the st<>te&Y0 

~(121l - q, - q,)q; • l21l-2q; 

• Th<mor,60nrict l),domm>t<1>nyq,- E (60. l 21l] 

Couroo!Comp,t,tion 

BR,(q_;) = 121l ; q-; 

BR,jq_,) _ 121l;q_; 

• fut • n,q1E (0.60]. thffl,.,_,,u'°""q-; E(O, -tro)sochth>tBR,(q_1 ) • Q 

L--+--1-1---+.:--rt--;-:1--1--t-t~ V 1 r 
tZ() 



Coun>otComp,t,tion 

BR;(q-,)~ 120 ; q-; 

BR,(q_;) - 120;q_; 

• fut an, q1 € (0.60]. thffl, =t> somt q_, € (O,+ro) soch th•t BR,(q-1) • q 

• Alt«Qn<«>und<l<lelet.,..,;l,t,ictlydom;nat<O>t<>t<1,.., we.,eleft woth 
S, ~ (0. 60] 

BR;(q-,)~ 120 ;q-; 

BR,(q_, ) _ 120;q_; 

• q_, - [0,60j 

Coun,otComp,t,tion 

BR;(q_;)E l20 ;q-; 

• q-; • [0.60j 

Couroo!Comp,tition 

BR;(q-,)~ 120 ;q-, 

• q-; • [0.60j 

• Aft«...,,oo<ld<of-ionof,tt ictlydom;•>todit<>l<1;.., -.,.ltftwith 
5, - 131:l,tiOI 

BR,jq_, ) _ 120;q_; 

• •S>tri<tlydom•••• .... >t ,at<1;..q,€('5,ti0] 

• Alt«th,.. roo<ld<ol <lelet.,,,,;l<t<ictlydom;n,te,! ,t,.t<1,..,we ... leftwoth 
S, ~ [31:l.•51 

Coun,otComp,tition 

BR;(q-,)~ 120 ;q-, 

• q _;m [31:l-~5) 

• Aft«foo , ,oo<ld<of-ionof<t,ictlydomi••tod1t<>t<1;.., _.,,1tft.,;,_h 
5, - 137.5.•5] 

Couroo!Comp,t,tion 

• Tht uniq.,.oo/utionby1D$D$$qj • qj • '40 



Coun>otComp,t,tion 

BR, (q_,) • 120;q_, 

BR;(q- ;) • 120;q; 

BR, (q_,) • 120;q_, 

• At,nyN"'1<G uilibriu m, ... m<J<th,..,:qiEBR, 1<1:i)•od<l:iEBR,(qj) 

Coun,otComp,t,tionvsMOflO\>Oly(cart .. ) 

• ln ,r,,,f•<1Jycom.,.Mn«m><i<ot , ,...: • .., oah m"1;0, l =t•odtho total 
qu,nto<1..-oduco<1wi llb< O • i20 

Couroo!Comp,titionvsMOflO\>Oly(cart .. ) 

• In • r,,,foct~com.,.,;,;.,, m><l<ot , ,..., • .., ., .. m,.1;0,1 °"' •od tho total 
quanrn,..-oduco<iwi ll b< Q • \20 

mJ •(l20- 0 10 _,. 0' • 60.P' • 60.n'" • 3600 

CoomotCompetotionvsMOOOj><My(c,rt .. ) 

• In • p,<f.,;t ~<om.,.t•t..,. m¥kt, p,jce ..,oals m.,.;., 1 co,t , odthe total 
qu>nt;,y "'odoced wi ll M Q ~ 120 

• Th<..-olit< to t><:h fi,m in t i>t Coo,no< Comp<t~,00 ~..,. th•n ha lf of the 
~ p,ofit> 

Coun,otComp,titionvsMOflO\>Oly(cart .. ) 

• In • r,,,foct~com.,.,;,;.,, m><l<ot , ,..., • .., ., .. m,.1;0,1 °"' •od tho total 
quanto<1..-oduco<1wi llb< O • L20 

mJ •(l20- 0 10 _,. 0 ' • 60.P' • 60.n'" • 3600 

• Th<O'olit$tO<>Chfi,m int h<Coun,ot (omp«~N)n~-..,,h,nh, lf of th< 
~p<ofit< 

• Suppoooth,,e.,.th,oefomswho fa«l!,<o m><gi.,.l<oo< 
• Th<ir11,, ,..,_,,odfur>ct,OO ~,;,,... by 

p( Qd'l'>+<ti) • ! - q, - q-, - q, • ! - Q 



• S, ppo«U,., • .,.,h, .. fom1 whof>c•>.,oma,g;o.,1c0<t 
• Tt.em ..... O<m,odfuna;,,, ~,,....,by 

p{q, + ,n+q,) - 1-q,-q,-q, - l -Q 

• The fo.,o,do,cond;1;,,, g"'°' 

l - 20, - Q_, ~ o - o, • l - 2Q_, _ BR;(Q- ,) • l - 2Q- , 

• Suppo«there .,.,h,..fom,who foc,,.,,.,ma,g;o.,lcoot 
• The ir11,,,..,0<m•odfuoct;,,, ~ , ;...,by 

p{q, + <n + q,) • 1 - q,_ - <n - <IJ ~ 1 - Q 

• The fi '>!c,d..cond;,.,.,""5 

i-2q,-Q_, - o - o, - 1 - 2Q_,_ BR,{Q_1) - 1 - 2Q_, 

o; - ~ 

.; ~~ 

oi - ~ 

• T1t,e.,,;.,.1-,t-0>0M th~fim,lttu, >ddtll<th,..«1uat.,.,. to get 

Q' - ~-Q' - Q' - i 

0·~!-Y - 1-;-~· - .· ~! 

• Tt.e .. ,.;,,.,-,,o..,.,,. th~fatt.lttu,>ddt ... ,h ... <qu>t.,.,.tog,t 

Q· ~ ~ Q' - Q" • ! 

. .. . .; • ..; • ! 

• P , ioo~p· • l / 4> n<l >U fim1< v, t"" " ""'prolit,O<l/ l6 

m,••(l 0-, )01- BR,(o-, ) • 1 -/-' 

m,a,(J 0-, )01- BR,(o-, ) • 1-/-1 
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