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> Thi game is enirely sochas
wineing)

(ability has nothing to do with your chances of

> The probabilty of winning with every strategy is the same.
> Thus, people tend choose randomly which of the three options to play

> We would like the concept of Nash equilibrium to reflect this
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Mixed strategies
Definition

A mixed strategy o is a function a; - 5, - [0,1] such that

s =1

k=3

> 01(s1) represents the probabilty with which player i pays

A pure strategy s simply a mired strategy a; that plays some strategy s € 5;
with probabilty one

> We will denote the set of all mixed strategies of player i by ¥;
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> Given a mixed strategy profle (01,72, . o). we need a way to define how
players evaluate payofs of mixed strategy profiles
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Mixed strategies
> Given a mixed strategy profile (01,02, ..., @), we need a way to define how
players evaluate payoffs of mixed strategy profes
>
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Mixed strategies

> Given a mixed strategy profle (01,02, .. 7). we need a way to define how
players evaluate payofs of mixed strategy profiles
-

(01,02,...,0) Zu\m.y‘. sn)as(s1)02(s2) -~ 7a(50).

> Fornstance,sssume my opponent s playing randoizing ovr paper and sisrs
with probabilty 3 (i o1 = (0,3,3))

> The expected uilty of pl

E(Ui(rock o)) =

Mixed strategies
> Given a mixed strategy profile (01,75, .. oy). we need 3 way to define how
players evaluate payofs of mixed strategy profiles

Zm(a.a, sa)ou(s)a(s2) - oalsn).

(o

> For instance, sssume my opponent s playing randomizig cver paper and sisors
with probabilty } (.. 0_; = (0.3, })) =

> The expected uilty of playing "rock” is #0* O

E(Urock,-1))

> If I'm randomizing over rock and scissors (i.e., o7 = (,0,3)) then
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Mixed strategies

W)z =y st MR (o- T

forall o€ 5,

Defintion
A (possibly mixed) strategy profic 2 Nash equibrium if and only if
sy >
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Mixed strategies

Definition (Mixed Strategy Dominance Defintion A)
Let 07,0 be two mixed strategie of payer i. Then ; trcty dog
mixed strategies of the opponents, 7

Gtes o if for all

o) @ ).

Mixed strategies

16 0 s bette than o no matter what pure strategy opponents play,then o7 i 3lso
sricty better than ¢ no matter what mixed strategies opponents play

Proof- Part 1

> Since $.4C ., f o sicty dominates of

a6 yk(EsD)
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Proof- Part 1

> Since S, T, if o sty domintes of

> Then foralie €50,

Proof - Part 2

> To prove the other diection, suppose that for

(o

Proof - Part 2

> To provethe ther direction, suppose hat for all s € 5.1,

> Foanya,

o) =

Proof - Part 2

> To provethe other direction, suppose hat for all s/ € 5.1,

wlo5) > (ol 5)

> Forany

Mixed strategies

Defintion (Mixed Strategy Dominance Definition B)
Let 07,0 be two mixed strategie of player 1. Then ; trictly dominates o if for al
pure strategies of the opponents, s.; € 5.1,

il 55) > wilof, 5-3)

Lecture 14: Game Theory // Nash equilibrium

Mixed strategies

Examples

Lecture 14: Game Theory // Nash equilibrium

Examples

Battle of the sexes

Battle of the sexes

> There are two pure strategy equilbria (G, G) and (P, P)
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> There are two pure strategy equilbria (G, G) and (P, P)

> We now look for Nash equiibra that involve randomizationby the players
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Battle of the sexes

betar(A)

betai(q)

A

o
> Therear thee ponts where the best response curves cross: (1.1), (0.0, (3.3)

> First two are the pure strategy NE we had found before
> Last i a strictly mixed NE: both players randomize

Consider the following game

> Consider o = (}.4.1.4)

> Consider o = (}.4.1.)

> BU(E,m) = 10} + 4} +2} + 4} =55

> Consider o1 = (3.4.1.1)
> BUE ) = 10} + 4] 42} 4} =55

> BU(F,m) =3} +2 43 43} =3

> Consider oy =

> BU(E.o1) = 10} + 8} + 2} + 4} =55
> BU(Fo) =3} +2} 4} 43} =3

> EU(G, ) =4} +6} +8} + 4} =55

> Consider o= (3,4.1,1)

> EU(E.) = 10} + 4} +2} + 4} =55
> BUE.0) =3} 424 44} -3 =3
> BU(G, ) =4 +65+81+4} =55

> Then BRy(m) = {{p.0.1~p).p € [0.1]}

> G dominates F (player 2)

> G dominates F (player 2)

> D dominates B (player 1)
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> Note that o1 = (5,01~ §) with p > 3 dominates C N~ 8Vns 72—



(YA

1= (p.0.1~ p) with p > } dominates C
=5p+2(1-p)=3p+2
> EU(01,6)=3p+8(1-p) =8~ 5p

EU(o1.E) > U(C.E)
342 > 4
2

P>

EU(e1.6) > BU(C.G)
8-5 > 3

> Lets find BRy(o2 = (4.1~ q))

> Lets find By (72 = (9.1~ )

> BU(A o) =5q+3(1-q) =29+3

> Lets find BRi(02 = (g1~ )
> BU(A.02) =50+3(1—q) =20 +3

> EU(D.02) =20+ 8(1 - q) =8~ 6q

> Lets find BRy(02 = (9.1~ )
> EU(A 72) =50+ 3(1 - ) =2q+3
> BU(D,02) = 29+ 81— q) =8 —6q

> 8-60>2043i13>q

> Lets find BRi(02 = (0.1~ ))
> BU(A.02) =50 +3(1—q) =20 +3
> BU(D.c2) =20+ 8(1 - q) =8 6q
> 6602043050

> Botq<2qi3ifcq

2=(9,1-q))

+31-)=20+3

,02) =29+ 8(1 - 4) =8~ 6q

S2q+3it3>a

>8-60<2+3ifi<q

n=(01)  f0<q<}
(){(,

m=(pl-p) #i=q

> This

> Lets find BRy(os = (p.1— )
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> Lets find BRy(o1 = (p.1— )

> EU(01,E) = 10p+ 4(1 - p) = 6p+ 4

> Lets find BRu(o = (b1~ )
> EU(e1,E) = 10+ 4(1—p) = 6p 4

> BU(o1.G)=4p+ 41— p) =4

> Lets find BRy(o1 = (p.1 - p))
> EU(01,E) = 100+ 4(1~ p) = 6p+ 4
> EU(n, ) = 4p+4(1—p) =4

> 6ptd=4itp>0

v

Lets find BRu(o1 = (p. 1)

> BU(o1, £) = 10p+4(1 — p) = 6p+4
> BU(1, 6) = 4p+4(1—p) =4

> epiasaitps0

> opra<aitp<.

> Lets find BRy(o1

(p.1-p))

> EU(r1,E) = 10p+4(1— p) = 6p-+ 4
> EU(r1,G) = 4p+4(1-p) =4

> 6p+4>aifp>0

> 6pta<aifp<o

> Thus

@=(L0)  ip>0

Eled=) {%:(m—w -0

Best responses.

NE = {(4,6),(D.0)} where of

@1-q)amd0<q<]



