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Lecture 16 A pplications of Subgame Perfect Nash Equ ili brium 

Lecture 16, ApplicationsofSubgame PHfoct Nash Equi lilxium 

Alternating offers 

St~ckelberg Compet ition 

Lecture 16: Applicat ionsofSubgame Perfect Nash Equi lilxium 

x)of howto spl it l ~ esosa mon1>; 

2. Playe r 2acceptsor rejectstrHlpropMal 

II 2 ..ccepts , the n the p~yoffs or t he two players 

.,. lnany p1nestrateg1 5PNE. pl oy,cr2accept1ol l offe rs 

.,. lnany purestrategySPN E, pl aye r 2accept1a ll offers 

" In anySPNE. player l makes the proposa l (900, 100) = 

" This is far from what happens in real ity 



• T his is far from what happens in real ity 

• When extreme offers like (900, 100) a re m•de , p oye r 2 rejects in m;1 ny c;, ses 

• Th is i, fa, frorn what happens in real ity 

• When extreme offe rs li ke (900,100) are made , payer 2 rejects in many cases 

• Player2may careabout ineq ual it/orpositive ut ilityassoc;a1edwit h 
'pun·shment" averSon 

Lecture 16: ApplicationsofSubgame Perfect Nash Equi librium 

Ult inatL,m Game 

Alternating offe rs 

St~ckelberg Compet it ;on 

Lecture 16: Applicat ionsofSubgame Perfect Nash Equi librium 

Alternating offe rs 

• Two pla ye rs are dec idi ng how t o split a pie of s i,e 1 

• Two pl ayers are decidi ng how t o split a pie of s i,e l 

• The playus muld rather get an ;,greement today than tomorrow (i.e ., discount 
factor) 

• Player 1 make-san offer 0, 

• Player l makes an offcr01 

• Playe r2 acceptsorrejectsthe proposal 



" Player 1 makes an offer e1 

• Playe r 2acceptso, rejectsth.eproposal 

" lf pl •yer2 rejec ls , playe,2 m• kes.rn <>ffer(;, 

• Playe!lrnakesanofferUi 

• lf pl ayer 2rejects . player2ma kesa noffer6, 

" If pl ayer l acceptsorrejectslhe poposa l 

" Player 1 makes an offer~, 

• Play,r2accept>o, rejectstheproposal 

• lfp layer 2rcjects,player2makcsa noffc r 62 

• lfp layerl acceptsor rejectsthei,rn posa l 

• lfp layerl rejects , playerlma k,,.;anofferVJ 

" Player 1 makes an offer 0, 

• Playe r 2acceptso, rejectsth.eproposal 

• lf player2rejects,player2makesanoffer 62 

" lfp layer1 acceptsotrejectsther,mposa l 

• lfp layerl rejects , playe,lma k,,.;anofferliJ 

" and on and on lo, Tperiods 

• Pl.aye, l make,;a noffc,B 

• Playe r2 acceptso,rejectstheproposal 

• lfp loyer 2rejects, playe, 2 ma kesJ n offer62 

" lfp layerlacceptsorrejectst~p,oposa l 

" If player l rejects , player l makes a n offe r 6, 

" and on and on for Tperiods 

• lf<1ooffer ise,,eraccepted , Cothpayoffsequa l zero 

"2 J"'(l - 11) 

lfP layer 2 offerisaccepted ,reversethesubs<:ripts" ' 

" (onsiderflfSt the game without discounting 

" Considerfirstthegame wit hout discounting 

" T here is a un iq ue SPNE 
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.,_ Considerfirstthe gamewit hoot discoonting 

.,_ The re is a un iq ueSPNE 

.,_ Last-mover advantage 

'' f2J .. In the game with discounting. the t otal valu e of th e pie is 1 in the first perioc . J ") , A 
in the second.and so forth l__., 

• lnthe 11amewith discountini: , the t otal valu e of th e pie is 1 in the first perioc , J 
inthesecond.andsoforth 

.,_ Assume Player 1 makes the last offe r 

.,_ In the game with discounting, the tota l value of the pie isl in the first pcr ioc, 5 

inthesecond.andsoforth 

.,_ Assume Player 1 makes the last offer 

.,_ In period T , if it is reached . Play<'rl"'°uld offerO to Player 2 

.,_ In the game with discounting, the t otal valu e of th e pie isl in thelirst perioc , <l 
inthesecond.a nd sofort h 

.,_ Assume Player I makes the last offe r 

• In period T, if it is re~ched. Play,;r l v,ould offer Oto Playe r 2 

• Playc,2would accept (ind ifferentbetlw<lnaccept ini: and reject in11) 

. ,, 

.,_ In t he game with discounting , the t otal value of the pie isl in the first per ioc, <l 
inthe5€Cond.a ndsofort h 

• Ass um e Playe r I ma kes the last offe r 

.,_ In period T , ii it is re~ched. Play,,r 1 "'°" Id offer Oto Player 2 

.,_ Playc,2would accept (ind i/Fc rcntbetwccnacccpt ingand rejecting) 

• In period (T - 1). Player 2 could offer Smith J. k..,p' ng (1 - f1) for himse lf 

• In the game with discounting, the t ota l valu e of the pie isl in the first pe rioc , 5 
inthes,cond.andsoforth 

.,_ Assume Player I makes the last offe r 

.,_ In period T , il it is reached. Play,rl"'°u ldofferO toPlayer2 

.,_ Playc,2would accept (ind ifferent betlw<lnaccept ingand reject ing) 

.,_ In period (T -1 ), Play,;r2couldofferSm ith S, keep. ni(i - 8) for himse lf 

.,_ Play,r l woul d acc~pt (ind ifferent bet":"'n acceptin g and rejecting) <ince t he 
whole pie in t he next per iodis\\Ol"th cl 

• In period (T - 2), Pl~yer I V")!J ld offer Player 2 0(1 - 6), k.., ping (1 - 6(1 - 6)) 
fo, himse lf 
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" In period (T -2), Pl fo, himse lf ay,,r I V")!J ld offer Player 2 8(1 - cf), kee ping (l _ d( l _ 8)) Ac~ t1+-

[-bl 7/ ~ (1-~) 
\ ~ £'.:,ll-l) ~ e- \ 

" ~:ph~~!l~T - 2), PIJyH 1 V")~ ld offer Player 2 8(1 - 8) keeping (l - 6(l - 8)) 

" : : ;y~r fi~ ::~,~~. accept s in ce he can earn ( 1 - ii) ir> the r>ext period , which is wort h 

" In period (T - 3) Pl 2 (1 - 0(1 _ ~(l - ;)]) ~::rhi rt~::~ld offer Player J 8[l _ J ( l - 8)I . keeping 

____... 6 I, --=- \ - ~ l ,-~) 
r~&;o~(t-~C -£) 1 1(,-f) 

-

" ~:ph~~:liT - 2), Player I V")!J ld offer Player 2 8(1 - 8) • · ,~,;",11 - 6(> - 8)) 

6) in th~ ne,:t period, which is wort h I 

" l'laye, lwoulci accept 

.. , 

" ~:Ph~~o~ l} T - 2), Player l v""u ld offer Player 2 8(1 - 8) > . ,~'""l - 6(1 - 6)) 

• Playerlwoulciaccept 

• In period (T - 2) , Pl for himself ayer I V")!J ldoffer Player 2 8(1 -0) • • . '""' (1 -J(' -J)) 

JJ ;n the ne,:t period ,whichiswort h 

" Pl;aye r lwoulci accept 

• lr>ecui li brium,t he •,eryfirstoff 
tho t the other plJye r can do noe~;; ;d;:;~t~~;t ed , since it is chosen precisely so 

• If T = 3 (i.e , I offers , 2offe rs. loffer1 ) 



.,_ If T= 3 (i. e, I offer;, 2offers. I olfer1) 

.,_ Oneoffer; J ( i J), 2acccpts in pe riod I 

.,_ Player l always d0<s a 1;tt le better when he mak.e, the offe r th an whe n Player 2 

does 

.,_ l'laye, I alwaysdo,sa 1,ttle better whe n hemakestheoHerthan when l'layer2 

do~ 

.,_ lf we rnns ider just :he dassof per iodsin which Playerl makes the offer. P layer 
l' s share fa ll, 

Lecture 16: ApplicationsofSubgame Perfect Nash Equi librium 

Alternating offe rs 

Suckelberg(ompet ition 

Lecture 16: Applicat ionsofSubgame Perfect Nash Equi librium 

Stacke lber11: Compet ition 

.,_ Reca ll bac k tothemodel ofCournotduopoly, wheret=firmssetquant ities 

.,_ Reca ll backtothcmodd ofCournotduopoly,wheretwc>firms sct quant itics 

.,_ Suppose inste.l d t hat the firms move in ~ qu ence which is ca lled a Stackelberg 
competition game 

.,. Reca ll back tothemodelofCourno! duopoly, wheret=firmssetquant ities 

.,_ Suppose instead th at the firm$ move in ~ quence which is ca lled~ Stackelberg 
competition game 

.,_ Supposethatthe inversedemandfu nction is g iven by 

P(a1+<1::1.) 

.,_ Rec.i ll back tothemodel ofCournotduopoly, wheretwc>firm,,etq uant ities 
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• The re are many Nash equil ib'ia of this game wh ich are a bit counMintu itive 

• (conside r the followi n,: spec ific ,:ame with demand function ,:iven t,,,: 

• T here are many Nash equil ib-ia of this game wh ich are a bit counter intu itive 

• Ccons ider th e followi ng spec ific gomewithde rnond function givM by: 

• Let the margina l costs of both firm s be ;e ro 

• There are man y Nash equil ib-ia of this game wh ich are a bit counter intu itive 

• Cconside r thefollowi ng spec ificgamewithdemand function given by: 

• Let the maq1;in al costs of both firms bc ;cro 

• Then the norma l form simp liiies: 

IT1 > r11(q1,'12(-})= (A q1 qz(qi))q1, 

1ft ~ u2(q , ,q,(') ) {A - q, - q,(q , ))q, (q , ) 

• What is ar1 examp le of > Nosh equilibr;um of th is game? 

• What is ;m examp le of a Nosh equilibritJm of this game? 

• LetC> C [O ,A)and cons id erthefollowi ng strategy prdi le 

ifq1 f u, 
ifq , = <) 

• What is ar1 exa mp le of a Nash equilibri um of th is game? 

• Let" E [O , A) and cons ide r the following stra tegy prcfi le 

ifq, *"· 
ifq1 = a . 

• Let us check tha t ind eedthisconstit tJtes a Nas h equ il ibr ium 

• First we, checkthe l>est resr,onseofplayerl 

• FirstwechecktheDeStresr,onseofplayer I 

• lfp l,yer2pl,ys q2 , then player J 's uti li ty funcl iDn is giver by 

n (S-" ) )n> O ifq1 = n 

qf < O ifq, fen . 
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m;,~(A-n- qi{o)}q;, (,, ) 
q,() 

• By the first order condition,""' knONthat 

" lhe ut il it;lunction ol hrm 2doe,; not dep end at a ll on what it chooses !c:,- ql(q1) 
when q, / r> 

• In particu lar, q.2 isa best response forfirm2 

• Theabo,,..oWrvation all owsustoconclude t hat there a remanyNash,quil ibri a 
of t hi s game 

• Theabo,,..oWrvation all owsustoconclude t hat there a remanyNash,quil ibri a 
of t hi >game 

" In fact t he,earemany moretha n theone;;abo,_ 

" Thcabo,.,,,oh:;crva tion all OW<ustoconc ludcthatthcrca,cm;,ny Nash equilibr ia 
ofth i,game 

" In fact th ere :ire many moreth:ontheones , bo,_ 

• TheNashequ il ;br ia hi gh lig hted aboveall leadtodifferentr,redict ions 

• The above observa tion all owsustoconcludet hattherearemany Nash equilibr ia 
of th is game 

" In fact th ereare m,ny morethantheon.,,,abov, 

• The Nash equ il ibr ia high lig hted a boveall leadtodiffere nlFlfedictions 

• T he above observa tion all owsustoconcludet hattherearemany Nash equilibr ia 
of th i,vme 

• In fact t he,ea,emany moretha n theone;;abo,. 

• TheNashequ il ibr iahigh lig htedaboveall leadtodifferen!Flfedictions 

• T he above observation all owsustoconclude t hatthe rearemany Nash equilibr ia 
of th i,game 

• In fact t he,ea remany morethantheonesabo,_ 

• The Nas h equ il ib ri a high lig hted aboveall leadtodifferentr,red ictions 

• In partic LJl ar, in t he Na<h "<J ll il ibri ,,m cor,.,.oond ingto" = 0, theeq 1J il ibrium 
outcome is for firm 1 to choose aquant ityofOandfirm 2sett ingapriceof A/2 

• T his would be t he sa me outcome if firm 2 were , he monopol;,1 in this ma rket 

" Consid er t he equili brium in ,,,h ich1> 0 

( 



• Consider t he equili brium in v,hichu 0 

• T hi sequ i'ibr ium is hig hlycocnte rin tu it ive beeauselirm2 obta ins monopoly prof its 

• Considertheequil ih,i1Jmin wh ichl) = O 

• Thi, equ i1ibrium is hig hly cocnte ri ntu it ive bec, u«e fi rm 2 obt, in, monopoly profit, 

• The reason is t hat essent ially firm 2 is play ing a st rategy that invo lves 
non-c redible t hreats 

• Consider t he equili bri um in v,·h ich1> 0 

• This equ i'ibr ium i, hig hly cocnter intu it ive becau«e firm 2 obta in, monopoly profit, 

• The reaso n isthat~semially fir m 2 is play ingastrategythat in ,olves 
non -c redible t hreat,; 

• Firm 2 is threa tening to overproduce if firm I prJd uces anyth ing at al l 

• Considert heequili bri uminv,·h ich1> 0 

• T hi sequ i'ibr ium is highlycocnte ri nrn it ive beeauselirn,2 obta ins monopoly prot its 

• The reason isthat essent iallyfirm2 is pl:iyingastra tegythat involves 
non-credible t hrea ts 

• Firm2 isth rea tening tooverproduce if firm I prJdu cesanythi ng ata ll 

• Asaresut, thebestthatfirn 1 ca n do istoproducenothng 

• Considert heequi lib,iumin wh ich ,; - 0 

• Th isequ i'ibr ium ishighlycocnte rin tu itive beeausefirm 2obta ins monopoly prof its 

• The reason isthatessent iallyti rm2 is playingast rategythat invo lves 
non-credible t hreats 

• Firm2 isth reateningtooverproducei/ firm 1 prJd uces a nyth ingatal l 

• As a resu t , the be,t that firn 1 can do i, to prod uce not~ ing 

• Many Nash equ ilibtia arecou nter in tuit,ve in the Stacke lberggame 

• Many Nash equ ilibtia are counte ri ntuitive in the Stacke lberg game 

• To elim inate such crn,nte rint uiti ve eq1Jil ibri~ . we foc 1J , in,te~<1 on SPNE ;nstead of 

NE 

• Many Nash eq uilibtia arecou nter in !uit ,ve intheSt'1de lberggame 

• To elim inatesuchco" nte rint uitiveeq uil ibria , we foc,JSinste, <1o n SPNEinste•dof 
NE 

• Letscont1nuewit h thesettinlin which ma rgina l costsare,eroandthedemand 
fu nct ion is g iven by A q1 qi 



• We alway, , tart wit h th< ,mal lest/last subg,i me, wh ich correspond to the 
docis ionsof firm 2 afte,fom l 'schoic, of q1 hasb"'n made 

• We alway, start w,c h the smal l!>St/last subga mes wh ,ch ccnespond to the 
de<Cisions ofti rm 2,fterfi rml 'schoice of <;1 has been made 

• TheutMyfunct ionoffirm 2 isg iven by 

• We always start wit h the smal lest/last subga mes wh ich correspond to the 
dc,ci, ionsof li rm 2 after fi rm ! 's choice of c;1 ha.been made 

• Th,utility fu nct ion ofl ir m 2 is g i,en by 

• Ca,e I : q1 >A 

• Case l : q1 >A 

• Case l: q1 > A 

• lnth ioca:;c , the best response of firm 2 io toscta quant ityq;i{q1) = 0 sincc 
prod uc ingatal l gi,.,,,. negat i,·eprofi ts 

• Case 2: q1 

• Case 1: q1 

• In this case . the best response of fi rm 2 is to set a quant ity q:,(q1) =0since 
producingatall giv,,s ncgat ive profi t s 

• Case 2: q1 < A 

• In th is case . the lir, t orde r condition imp li es· 

• T hus, in any SPNE. play,, , 2 mustplay t hefo ll ow ingstrat egy 



.. Then player 1·sut ilityfunctio n given that pla~r2 pl<ys q; is give n by: 

.. T hen player 1·sutilityfunctio n given that playe,2 pl•ys q) is given by 

.. Th us, firm l max imizes max0 u1{Q1, qZ(-)) 

ifq, > A, 

ifq1S A. 

.. Then player l 's ut ility function given that pla~,2 pl<ys qi is give n by· 

q, ) ifq,>A. 

ifq1 S A 

.. T hus. firm l max imizes m~x., 1J1{Q1. qi (-) ) 

.. Firmlwil l never ch~ q, > Asince thenitobt;,ins neg;1 t ive profits 

.. Then player l 's ut ility functio n given that pla~,2 pl<ys qi is give n by· 

ifq , > A 

ifq1 S A 

.. Firm 1 wil l never choose q, > Asincethenitobtains negat ive profits 

.. Thus.t irm l max imizes· 

.. The fi~t ::,,de,condit ioo forc hisr,oblem is given by 

q; = ~ 

.. Thefi~te>rde,condil ioo for , hisproblem is given by 

.. TheSPNEoftheStackelb<erggame is given by 

.. Thefi~te>rde,condit ioo for ch isr,roble m is given by 

q[ = i 

.. TheSPNEoftheStackelb<erggame is given by 

• The equmbrium outcon1e is for firm 1 to choose A/2 3nd firm 2 to chOOS<! A/4 

.. T he Coumot game was one in which al l fir ms chose qua ntit ies simu ta neously 



,. The Coumot ga me wa s one in wh ich all fir ms chose qua ntit ies simu taneously 

"' Ir, lha l game, si 11ce Lhere is 011 ly o ri e suliga11 1e, SPNE was Llie same as Lhe se l of 
NE 

._ The Coumot pme was one in which all fir ms chose quan tit ies sim u taneously 

._ In th. t gome, si nce ther: is only one S<Jbgome, SPN E wa s the same "5 the set of 
NE 

"' Letssolveforthesetof SPNE (wh ich isthesarreasNE)in the Cournot garre 
with the ,a me dem and fu nction and sa me costs 

._ The Crn ,mot game w;as one in wh ich al l fir ms cho,;,, ~1Jantit i"' si m1J taneou<Jy 

._ In tha t ga me, si nce there is on ly one subgame, SPNE was the same as the set of 
NE 

,. In this case . (q; .q; ) is a NE ifandonly if 

"' For qj E 8R1(q2), wc need qj to so lve the fo llc,,v ing max i'n izat ion proble m· 

"' For qi E 8R1(q;i) , wc need qj to so lve the fo llc,,v ing maxi11 iza tion proble m: 

._ By th e FOC, we have 

"' Forqj E BR1(q?_) , we need qj to solvethefollc,,v ing ma xi11 ization problem · 

._ Uy t he FOC , v,e have 

,. For qj E 8R1(q2), we neffi q; to so lve the foll<Nl ing maxi11 ization proble m 

,. By t he FOC, v,e have 

qj-¥ 
._ Simi!arl y for q5f' BR2{qj), 

._ Asa resu t , solvingt heseno,,:,eq uat ions, weget: 

' • A q, - q,- 3 

In theCournot ga me, noteth• t firms ' p• yoffsare 

Aswea lread ysaw. this wasnot Pa retoefficientsinceeach fi rrT' is getti ng a payoff that 
is str ictly less th an l /2 ofthemosopoly profi ts 



.. In the Stacke lbcrg co mFet ition ga me, the tot al qua ntity supplied is !A 

.. lnthe St. cke lbe rgcorni:etition ga me, the t ota l quantity su pplied is iA 

.. Th us, thefi,ms ' payoffs inthe SPNE is 

.. In the Sucke lbergcorn Fetit ion ga me, the t ota l quan tity suppl ied is !A 

.. Thus. th e fi rms ' payoffs inthc SPNEi, 

.. Firm 1 obta in•~ better payoff t han lirm 2 

.. In the Stacke lbcrg co mFeli tion ga me, the tota l qu antity suppl ied is !A 

.. Thus, the firm<' p~yoffs in the SPNE is 

.. Firm 1 obta in,~ better payoff t han fi rm 2 

.. In the Stacke lber.o: comi:eti tion .o:a me, the tota l quantity supplied is ! A 

.. T hu,,thefi rrn,' p.o)"Jffs in theSPNEi, 

.. Firm l obtai ns a better payoff t han fi rm 2 

.. But bydoo<ing someth ,ngcpt ,mal, firm lw,11 heabletodoeven l>ette r 


