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Lecture 16: App li cations of Subgame Perfect Nash Equil ibrium 

Ult imatum Gome 

l ~ esosamong 

2. Player2acceptsorrejectsthepropos.a l 

lf2 accepts , then the payoffs or the two pl;oyers 

• In any pure strategy SPNE, player2 accepts all offers 

• In any pure st rategy SPNE, player2 accepts all offers 

• lnany51-'NI:: , playerlmakestheproposa1(900,100) 

• Th is is far from what happens in re;o lity 



• Th is is far fro m what h;, ppensin rea lity 

• When extreme offer, like (900.100) are made, pl;,yer 2 reje<:\5 in m;, ny c;,,;es 

• Th is is far fro m what h;, ppens in rea lity 

• When extreme offer, like (900.100) are made, pl;,yer 2 reje<:1:5 in m;, ny c;,,;es 

• Playe r2maycare aDOut in~ ualityoi-positiveutil ityassoc iatedwith 
"pun 'sh~ent" avers'on 

Lecture 16: App li c:at ions of Subgame Perfec:t Na~ Equil ibrium 

Ult imatum Game 

Alternat ingJffer> 
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Lecture 16: App li cJtions of Subgame Perfect NJ~ Equil ibrium 

Alternat ing ~ffers 

• T wu play~rs are <J e~idius huw lu split a p ie uf siae l 

• T wo ployers a re decid ing how to split a pie of size l 

rather i:,~t ;m aer.,,.,me nt today than tomom:.,,. { c , ~iscount 

• Playe r I ma ke~ ~n offer ~, 



• Player I makes an offer Di 

• Player2 accepts or rejectstheprol)Osa l 

• Player I makes an offer 01 

• Player2acceptsor rejectsthepropos.a l 

• lfplayer2 rejects, pl ayer2 makes an of'". A2 

• Player I mJkcsan offer 01 

• Player2acceptsor rejectsthepropos.a l 

• lfplayer2rejects, player2makesan of'".A2 

• If player I accepts or rejects the proposal 

• Player I makes an offer ~, 

• Player2 acceptsor rejects th e proposa l 

• lfplayer2 rejects, player2 makes an offer 02 

• If player 1 accepts or rejects the proposal 

• lfplayerl rejects , player! make,anof'". 0; 

• Player! makes an offer 0, 

• Player2acceptsor rcjects thepropos.a l 

• lfplayer2rejects, player?makesanof'",02 

• If player 1 accepts or rejects t he proposal 

,. lfplayerlrejects,playerlm ' anof'>O, 

• and on and on for T periods 

• Playe r I makes an offer 01 

• Player2 accepts or rejects the proposa l 

,. lfplayer2rejects , player 2 makesanof'".02 

• If player 1 accepts or rej ects the proposal 

,. lfplayer lrejects ,playerlmakesanof'".0; 

and on and on for T periods 

> lfnoofferisever accepted,bothpayoffsequalzero 

byPlaycr2in roundm, 

7') _Jm(l-/im) 

lfP layer2of/er isaccepted , reversethesubscripts 

J> Consider first the g~mc wit hout discount ing 



_._ 

• Conside,first t he gamewithout discount ing 

• There is a un ique SPNE 

• Considerfirst t hegamewithoutdiscounti ng 

• Thereioa un ique SPNE 

• Conside, first t hegamewithout disco unt ing 

• T he re i; a un ique SPNE: The pla~r t hat makes the I astoffergetsthewhole pie 

• Last-move r advantage 

scorth ep,e isl inthefirstperiod,ii • :~ !~: ~~:~~i~~tsc~unting, the totJ I va lue of th . 

scorth epie isl inthefirstperiod , 6 • :~ !~: ~:c:~~ i~~tsc~unting, the total va lue of th 

• Assume Player 1 ma kes the last offer 

scorth epie isl inthefirstperiod , 6 • :~ :~: ~::~~ i~~tsc~unting, the total va lue of th 

• Assume Player 1 ma kes the last offer 

• In per iod T , if it is reached , Player l would offer Oto P layer 2 

soorth ep,e isl inthe li rst pcriod,ii • :: :~: ~:c:~~i:~ts,;;~unt ing, the total va lue of th . 

• Assume Player l ma kes the last offer 

• In per iod T, if it is ,,~ch, d. Pl~ ye r 1 wo uld offer Oto P l~ye r 2 

• Player21'1'0Jld accept {indifferent bet weenaccept ingand reject ing) 
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• In the ga me wit h di,;counting , thetotalva lue ofthe pie isl in the first period , J 
inthesccorid , andscforth 

• Assume Playe r l makes the last offer 

> In per iod T , if it is reached, P laye r l 1YOuldoffer Oto P laye r 2 

• Player2,..,c,1 ldaccept{indiffe rentbet~naccept ingand reject ingl 

> In per iod (T - I) , Player 2 cou ld offer Smith J, keeping (l - J) for him,elf 

• In the ga me with di,;counting , thetotal valueofthe pie isl in the first period, J 
inthesccorid , andscforth 

• Assume Playe r 1 ma kes the last offer 

> In per iod T , if it is reached, P laye r l would offer Oto P layer 2 

• Player2,..,c,1ldaccept{ind;ffe rentbet-naccept ingand reject ingl 

> In per iod (T I) , Pla)'<lr 2 cou ld offer Smith J, keeping (l J) for himse lf 

> lri 1-'~< iuU (T - 2) , Pl.iy~r 1 wuulJ orr~ , P layer 2 ,\(1 - 6) , k.;ep ini, (I - J (I - 6)) 
fo, himself 

> In period (T - 2), Player l 'WOUid offer P layer 2 J{l - J), keep ing (1 - J(l - JJ) 
fo, him;elf 

he can earn (1 - 0) in the next pe,iod , wh ich isv,orth 

• In per io d ( T - 2) , Playe r I \N01Jld offer P layer 2 J(l - '1) , keep in g (1 - J (l - /J)) 
for him,e lf 

he can ea rn (1 - ,\") in the next pe, iod . which isv,orth 

lJ[l - J(l - J)] , keeping 

• In per iod (T - 2) , Player l 'WOUid offer P layer 2 J{l - J) , keep ing (1 - J(l - /J)) 
fo, him,e lf 

he can earn (1 - rl) in the next period, which isv,orth 

l J [l J( l J)] , kccp ing 

> Playerl'W01ldaccept... 

> In per iod (T - 2), Player l 'WOuld offe r P layer 2 J{l - 6), keep ing (I - J (l - J)) 
fo, him;elf 

• Player I v•,culd accept 



• In per iod (T - 2) , Player l 'IM'.>uld oHer P layer 2 ~{l - ~). keep ing (l - ~(l - ,l)) 
fo, himse lf 

• Playerl'M>aldaccept... 

Tobi~ 1 sho,vs th ~ progress ion of Playe, l 's sha,cs when J - 0.9 

Table l: Alternating Offers over Finite T ime 
Round l"s 2's Total Who 

T 3 J(l J(l J)) 1 J{l J(l 6)) JT 4 2 

1 J(l 0) J(l O} 5T-] 1 

~ T-2 2 

1,T -1 

• If T=3 (i.e , 1 offers, 2offers, l offers) 

" If T-3 (i.e . 1 offer5. 2 offers, 1 offer5) 

• OneoffersJ(l - J), 2acceptsin period l 

" Playe r I always does a litt le better when he makes the offer t ha n when P layer 2 

d= 

" Player I a lways does a littl e better when he makes th e offer t ha n when P layer 2 

d= 

" lf we consider j (JSt the class of periods in wh ich Player I makes the offer , P layer 
l "ssharefa ll s 

Le~ture 16: App li cat ions of Su bgame Perfect Nash Equil ibrium 

Alternat ing offers 
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Lecture 16: App li cations ot Subgame 1-'ertect Nash 1:quil ibrium 

Stackc lbergCompet it ion 

• Recal l back to the model of Cournot duopoly, whe re t= iirm, :,et quantit ies 

I> Recal l back to the modd of Cournot duopoly, whe re t= iirms wt quantit ies 

• Rec.il l b.ick to the model of Cournot duopoly, where t= fi rms .et qu.intities 

• Suppose that the inver:.c de mand funct ion iogivcn by 

• Recal l back to the model of Cournot duopoly, where two fi rms .et quantities 

• Suppose that the invers,a demand function is given 

P(q, + q,) 

• Firms havethecostfunctionsc,(q,) . 

Tet imingofthe gameisgiven by 

l. First Firm l cho~ses q1 > o 

2 Second F;,m 2o!,,;,, rves th e choscr- q, and th enchoc,;,,s qi 

• The game t ree in thisgJme is then depicted byan infi nite tree 

• Let us writedcw,·n t he norm.i i form rep resentot ion ofthisgJme 

• Let us write down t he norma l form representat ion of t his ~ame 

• A pure st rat egy for fi rm l is just i>cho icc ofq, :C:O 
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• A pure st rat egy for fi rm l is just a cho ice of q, :C:O 

• Let us write dov,n t he norma l form representat ion of this ga me 

• A pure st rat egy for firm l is just a cho ice of qi :C:O 

• Astrategyforfom 2specifieswhat itdoesaftereverychoiceof q, 

• I et us write dcM.n t he norma l form repre51' ntat ion of this i:ame 

• A pure st rat egy for firm l is just a cho ice of qi :C:O 

• A $trategyforfom 2$pecifie$wh;a t itdoe$ aftereverychoiceof q, 

• Firm 
q, 

' . ' j 

1 chooses qi and firm 2choosesthe st-ategy 

,,-,(q,. q;,{·)) = P(q, I q,(q1))q1 c, (q,) 

,,-,(q1,l/2{ ·))= P(q1 I q2(q1))q,(q, ) c;,(q,(qi)) 

• The re are ma ny Nash eq ui libri a of this game whic h are a bit counte ri ntuitive 

• T he re are ma ny Nash eq uil ibri a of this game whic h a re a bit counte ri ntuit ive 

• (consider the following spec ific game with demand functi~n given by: 

P(q, q2) = A q, qi 

• T he re are ma ny Nash eq uil ibri a of this game whic h a re a bit counte ri ntuit ive 

• (consider the following spec ific game with demand funcfon given by: 

P(q, q,) = A q, qi 

• LetthemJrgin;, l costsofbothfi rmsbezero 

• T he re are ma ny Nash equ ilibri a of this game whic h are a bit counte ri ntuit ive 

• Cc~nside, the following spec ific gJme with dem~nd functbn g iven by· 

P(q, - q2) - A - qi - q1 

• Lct t hemargina l costsofbothfi rmsbezero 

• Then t he nor ma l form simp lifies 

u1(q1.<12(-)) - (A - q1 - q2(qi))q1 

u2(oi .<12( ·))-(A - q1 - 02(01))02(01) 

1 
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u2(q1;<12(·))-(ll - q1 - cn(q1))q2(q,) . j 

" . 

• What is an example of a Nash equi librium of this game7 

• Wha t isan exampleofaNash equilibriumofthis ga me7 

• Let n C [O. A) and cons id er the fol low in g st rategy profi le 

• '{ I {A ifq, f- (> 
ql - n.q2 q, - A-<> .f 

,---- I q: -Cl 

• WhatisanexampleofaNashequ1l1briumofthisga me? 

• LetnE [O,A) and cons ider the fol lowing st rategy profi le: 

, '{ ) \A if q-_ f-o q1 -o.q, q, - ,._ ,.. ·r 
,---- I Qc - ff 

• Let us check that ind ee<J t his const itutes a Nash equili bri um 

> Fi rstwech,ckthebest respon,;e ofplayerl 

• Firstwecheckthebestresponseofplayerl 

• lfplayer2playsqj, thenplaye, l'su ti lity funct ion isgivenby 

• Firstwecheckthebestresponseofplayerl 

• lfplayer2playsq;i, then playe, l 'su t, lity function ,sgivenby 

ui(q, . qi CJ)= if q1 = o 
ifq1 f'n 

is so lved atqi -o 

• Fi rstwec heckthebestresponseofplayerl 

• lfployer2ploysq,i , thenp lay,; rl'sut ility funct ion isgivenby 

is so lved atq; =<> 

• Fi rm 1 is best respond ing to player2·s;t,ategy. 

• S11pposeth;,t firm 1 plays t he st rategy qj . ls f irm 2 best responr;l ing7 
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• Supp,;,setha t firm l plays t he st rategy qj. ls firm 2 best responcl ing? 

• Firm 2"s uti lity fun ctio n is given by 

u;,{qj, qi(,))= (A - a - q;,(n))q;,(a) 

• Supp,;,setha t firm l plays the st rategy qj. ls firm 2 best respon cli ng? 

• Firm 2"s uti lity functio n is given by 

• Th us. firm 2 wJ nt.s to choose the optimal strategy q,(-) th<lt maximizes the 
fo llowirg ut ility: 

max(A n q,(o.))q,(n) 
q, 1_-) 

• Suppose that lirm I plays t he strategy qj lstirm 2 best responcl ing l 

• Firm 2"s uti lity fu11~t;.., r1 i> give r1 by 

ma x(A o q1{o))q,(" ) 
<12 1_- ) 

• By the first o rder condit ion, we kn ow th.it 

• Suppose tha t firm I plays t he st rategy qi. ls firm 2 best rcspon cli ng? 

I> Firm 2's uti lity functio n is give n by 

• T hus. firm 2 wants to choose the optimal strategy q,(-) that maximizes the 
fo llowirg ut ility 

m;,x(A - ,-, - q,{o))q,(n ) 
"2 1_-) 

• By the first o rd er co nd it ion, we know that 

<n(<>) = A; u 
what it chooses for q,i (q,) 

• Suppose that firm I plays the st rategy qj ls firm 2 best responcl ing 7 

• Firm 2"s uti lity functio n is given by 

u;,{qj, q,(,)) = (A - ,r - <n(o))<n(") 

• T hus. firm 2 wants to choose the optimal strategy q-.,(·) thot maximizes the 
fo llowirg utility 

• By the first o rder co nd it ion, we know that 

<n(<>) = A; a 

• In part icula r, q2 isabestresponseforfirm2 

what it chooses/or q;;(qc) 

I> The above observation allow-sus tocoocludethatthere are many Nash equilibr ia 

of this ~ame 

0 

0 
J 



• T he above observotion ollc;,ws us to <:,;,r1dude thot there ore many Nosh equ ilibr io 
ofthis;,;ame 

• lnfactthercoremonymore thanthe,;, ncs abovc 

• T heab~veobservat ion allc;,wsus tornocludethattherc are many Nashequ ilibr io 
ofthis;,;>me 

• lnfacttherc arcmanymore thanthe ,;,ncsabovc 

• T he Nash equi li bria highl ighted above all le ad to d ifferent pred ict ions 

• Theab~veobservat ion allc;,wsus tornocludethattherc are many Nash equ il ibria 
ofthis.;ame 

• lnfacttherc arcmanymore thanthe ,;,ncsabovc 

• T he Nash equi li bria highl ighted above all le ad to different pred ict ions 

• T heabove observ,1tionallc;,ws 1,stornocludethatthere,.rem;inyN;ishequ il ibr i;, 
of this,;;ime 

• ln factthere;iremanymorethanthe,;, nesobove 

• T he Nash eq uili bri a highl ighted above al l le ad to d ifferent predictions 

• T he a bove observat ion all= u, to conclude that there are many Nash equ il ibr ia 
ofthis,;;ime 

• lnfacttherearemanymorethan the ones above 

• T he Nash equi li bria high lighted above all lead to different predictions 

• This wo uld be t he some outcome if firm 2 we re t he monopolist in th is morket 

• Cunside,theequi libr iurn in wh icha- 0 

• Consider t heequ ilib, ium in wh icho-0 

• This equ ilibr i(Jm is hi ghly c,;,i, nterin tu itive because fi rm 2 e>bta ins m,;,n,;,p,;, ly profits 



• Consider the eq ui libr ium in wh icha=O 

• This equ ilibr ium is hi ghly counterintu itive b..cause firm 2 ob ta ins monopoly profits 

• T he reason is that e,ssent ia lly fi rm 2 is playing a strategy t hat involves 
non-credible threats 

• Consider the equi libr ium in wh icha=O 

• This equ ilibr ium is hi ghly counterintu itive b..cause firm 2 obta ins monopoly profits 

• T he reason is that essent ia lly fi rm 2 is playing a st ra tegy t hat involves 
non-crediblethre,its 

• Firm 2isthreateningtocverprodiice if firm l produces anyth ing at all 

• Consider the equ ilibr ium in wh ich a =O 

• Th isequ ilibr i(Jm is hi ghlyco1Jnterintu itive b..cau ,efirm 2obtains monopoly profits 

• T he reason is that essent ia lly fi rm 2 is playing a st ra tegy t hat involves 
non-credible threats 

• Firm 2isthreatcningtocverprodi,cc if firm l produces an yth ing at all 

• Asa resu lt . the best that firm 1 can do is to produce noth in g 

• Conside,theequi libt ium in wh icha - 0 

• This equ ilibri um is hi ghly counterintu itive l>Kause fi rm 2obtains monopo ly profits 

• T he reason is that essent ia lly fi rm 2 is playing astrategythatinvol\les 
non-credible threats 

• Firm 2isthreateningtocverprod(ice if firm 1 produces anyth ing at all 

• Asa resu lt , the bestthatfam l can do is to produce noth ing 

• Many Nash equilibria are counterintu itive in t heStacke lberi. i.ame 

• Many Nas h eq11ilibri;i ;ire counterintu it ive intheStackelberg g;,me 

• To eliminate such counterintu it ive equi li bria. we focus instead on SP NE instead of 
NE 

• Many Nash equilibria are counterintuitive intheStackelb erggame 

• Tn .-limin..te ~11 rh rn ,mt<" rint uitiv<' ""lui lihria, W<' fnru< inst.-~<i cm SPNF in st .-~<i nf 

NE 

• Lets cont in ue wit h t~e setting in whic h marginal costs are zero and the demand 
fu nctionisgivenbyA q1 (f2 



" T fie uti lity function of f irm 2 is given by-

" T fie uti lity function of f irm 2 is given b'/ 

• So, playe r 2solvas: 

" Case 1: q1 >A 

" Case 1: q1 > A 

" Case 1: q1 > A 

2 is Lu sel .i ~uJnl iLy ,i;(,ll) ~ 0 s iri ce 

• Case 2: q1 S A 

" Case 1: q1 > A 

" Case 2: q1 SA 

" In t hiscasi,.t hcfastordc,condit ion implies 



,. T hlls. in anySPNE, player 2 must playthefollc,win g st rategy 

• T hen plaYl! r l's 1,t ilityfonct ion given t hot playe r2 ploys q2 is given by 

, , ( q1(A - q1) ifq1 > A 
u1(q1 . <J2(·))=q, (A - q, - q2(Q1))= QI~ ifqi ::;A 

• T hen plaYl! r l 's ut ility funct ion given t hot pl.iyer2 plays q2 is given by 

• Th us. firm 1 max imizes rnaxq1 u1(q1, qj(-)) 

• Then playe r l's 1,t ilityfonct ion given t hat playe r 2 plays q2 is given by 

• Thus. firm l max imizes ma xq1 u1(q1, q;i( ·)) 

if q1 > A 
ifq1 <A 

,. Firm I will never chocise q1 > A since then it obta ins negative profits 

• T hen playe r l's tJ tilityfonct ion given t hot playe r 2 plays q2 is given by 

ifq1 > A 

ifq1 SA 

,. Firm l will neverchocise q1 > A since t hen it obto ins neg,t ive profits 

• ThllS, fir m l maxi mizes: 

,. T he first order condit ion for this prob lem is given by 

qi= ; 

,. T he first order condit ion for t his prob lem is given by 

,. T heSPN Eof t haStackelbe rgga meisgiven by 



• T flcfir,;t order condition for this prob lem is given by 

• T neSPNEoftheStackelber,,;,,;ame is,,;iven by 

( qj = ~, q;i(q, ) = A~ q1) 

• T he equilibrium outcome is for firm 1 to choose A/2 and fi rm 2 to d= A/4 

• Tfie Cournot game was one in which a ll fi rms chose quantit i5 simultaneously 

• Tfie Cournot game was one in which a ll fi rms chose quant iti 5 simultaneously 

• In that game. since the re is on ly one subgane, SPNE was the same as the set of 
NE 

• The Cournot game was one in which a ll fi rms chose quant il i5 simultaneously 

• lri lh.,l l'," rne, si 11~e lh~,~ is ,m ly v11e sul,l',., ,·,e . SPN E w.,, Llie S<1 r11e .,, U1e sel vr 
NE 

• Lets solve for t he set of SPNE (wh;ch is the same as NE) in the Cournot game 
with the $ame dem ;rnd fonct ion ar,d sa me costs 

• The Cournot game was one in which a ll fi rms chose quJntil i5 simulta neously 

• In that pme, since the re is only one subganc. SPNE was the 5.lme as the set of 
NE 

• Lets solve for t he set of SPNE (wh; ch is the same as NE) in the Cournot game 
with the same demand funct ion ar>d same costs 

• In this case. (qi,<,;;)isa NE if and on ly if 

• For qi , t3/-/1(q2_), we need qi t o solve the tallowing maximiut ion problem: 

:;:~lA q1 q2)q1 

• For qi:::: BR1(q:i) . we n~d qi t o ,;olve the follow ing maximization problem· 

• By the FOC, we have 



• For q{ . BR,(q2) , wt ne.od q{ to wi ve the follow ing maximiz;;t ion problem: 

• By the FOC, we have 

• For q{ ,c BR,(qJ) , wt need q{ to solve the follow ing maximizat ion problem: 

• By the FOC, we have 

• Asa resu lt, w iving these two equat ions, we get 

In thcCournotgamc, note that firms' payoffs arc 

> In t he Stadelbe rg competition game, the tota l quant ity supp lied is ¾A 

• In the Stackdbcrg compet itio n game, the tota l quant ity supp lied is ~A 

• Thus, the firms' payvffs in theSPNE is: 

• In the Stackelberg competition game, the tota l quantity supp lied is ¾A 

• Thus, the firms' payvffs in theSPNE is· 

• Firm I obtains a better payoff than fi rm 2 

> In t he Stadelberg competition game, the tota l quant ity supp lied i! ¾A 

• T hus.the firms' payoffs in theSPN E is: 

> Fi rm 1 obtains a better payvffthan firm 2 

> Thi, isintuitive,irKefi rm l 

in which 



• In t he Stackelbe rg competitio n game, t he tot a l quant ity suppl ied ii ¾A 

• T hus.the fir ms' payoffs in theSPNE is· 

• 1-i rm I obtains a better payoHthan tirm 2 

• T his is intuitive since fi rm 1 
in wh ich 

• B1,t by choosing someth ing opt im;i l. fi rm I will be able to do even better 


