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Lecture 17: Appli<:Jt ions of Sub!{Jme Perfect NJsh Equil ibrium 

Lecturel7: Repeat<>dGames 

Lecturel7: RepeatcdGames 

.. "-•tM 1•• •aro .. uu_.ol lo,•othl.•1ool•t1o"O'""".,_""_"' '""'" 
• •••IO 1001 ;•11r•ct i• • •tatoi;c oi1ua1i• •ol j"" o,co n,,t '"'"' , low1 ...,;o,1 of 

.. "-•tt<I 1••• o,o~o• ....-,, lo, ,oodo l•1 roloho•oOip1 ,_.,, \-, ,:r '""' ' 
...... , . .. -. .... ct -. ••trot,i;c,·, . ... . .. j, • HCO ....... ., . 1ow,,.,-.... 1 

.. A,•t•1or•11•otcoo.,. rotowi10 o .. ,001•,-r1oo,,0 10i1•1r« i• 
t loo • - iotor• t of••• • &••" i , t ho • ..., ' "" '~ ' '""II, , '!"'''"' .,, ,_.,,, or,O 
pu•io0,-,11 

.. "-•tM 1•• • ., ... ,. u_.ol for • oth l.•1 oolat io .,oi.,. o-,.., - or '" "'" 
•1••10t001;•11r•ctio oott0to11" •i1uoli••olj"oto•c• h"t '"'•' •low (i>O'io:,,lol 

.. Agentmcye<maynotcooperatewithone anotherev,nthough thi, maynot in 
the be5t intere,tofth e ag,nt> ;, ,heohortrnn th roo1ha , v,temofreward,and 
pun~ hmcnt< 

.. A ga me can n, pe.:,t i:,el /,ev~r, I t ime> 

.. Flto•Ol«i • ••'• , ,, ollo• ,..,,, fr, oiodo l 0,1 ,oh tioo;OiPo b••an \-, Of " "'' 
••• t1t0,1 i•toroct i•ootrot,i;c1 it•ot i••ot j,•o,coll ,1 ..,.or , .-,~•i..,ol 

.. A1•t.,.JOf"''f" :O:cooporato..-itoo,..,oot1,o,.,,.•t..._,,,,. ;,o•y'*i" 
t loo O- iotor• to/tO , .,,.,. ;, ,ho•ar1,.- tO rc,,J10• 1T1l• •"'r-arO,uO 

~······""" 
.. A gam e ca n n, pea t i:,el / ,ev~a l t ime, 

I> Static ~ame> turn intodynam<Cb.,. repet;tion 

.. "1poot«i1• •••ro .. ,., .... ,Ol,:, • odol o1roht io "Oipo O-,n-OfJO OfO 
. , .. 111011·010 · '•••totoll"' o't, ot'•"ot ·,., .,,ic,b,10.-0< 1 lowJ,-i<,,l ol 

.. Agentmcye<maynotcooperate withone anotherev,nthouKh thi, maynoti n 
the best intorestofth o ag,nts ;, 1heshort run thrc.iih a , ystom of rtward, and 
punishment, 

.. Sta t"cR>m«. turn 'ntody na m' b.,. •cpet"t'on 

.. W< wi ll,.., (G,T)todcnol<lr>lgameGi,rcr<atcd T t i'TIOS 
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• NE: Play,n. 1 ,nd 2 o.i ll bot h choose (e, - 0. e, - 0) 

1. Bot,pl,..,r,p l,y t he ,imlltan<OUSmo'°g,me G 

2. :;;~playersobsetv, 1h<' , ctiooschosen b)' th<' tMlpl ">"rs , Th en ch, yplJY G 

.. j 

l. Boto1>l•)'ttS Pl>vth•s;rn dta noons,,..,.,e~, m~G 

, ::;:·'·•"·-··~ac,;_, __ ,, ,~,-,~" '"'""···· ' I 

3. Thenp.yoff,arereai,ed a, t he di>eoont<d,um ofth<ut ilitiesof the,ction< in 
each1,e,io<l w; thd;,co,,u>tfacto,6C[ 0. l ] 

u1 = 11 

u, - l+ J - (- 1) 

• Wel-.i ll whe forthe set ci pureSPNEof t hi, ga me 

• Pl• )•" 1!as 5 inlor matiooset, intota l 

• We l-.i ll scav, for t he,et ci pLJre SP NEof t hiogam, 

• Pl,ymlh,s5 info.-m;i t ionsots in t.ota l 

• A,pJre , trat:u fo, pla)'<'f l mu,t sp,cify"'hat he de><> in <>ch ofth= 

(l\-;,, \ 



• W,wi ll S<"v<afo1thos,\d pu t0SP NE of 1h;.g,me 

• At ir• •trrn,gy for play,,rlm u,t<pocify,.hat he doe,i n , ,chofth ... 

• Play,,r lha,a tota lof 32 (2' ) pune strateg;,,, 

• Wowi ll S<"v<> fotthos,td pu"SPNE of thi,g,me 

• Simi lar ly, pla)'<r 2 hasatctal of32pure ,trategie> 

• Toet"e a,e5,ubgarne, 

• Start.1ttheend ofthe gamc( i.e., T = 2) 

• Toet"ea.-., 5,ubgame, 

• St.:, rt atthe end olthegamc( i.e., T - 2) 

The Na,hequ ll ibriaca n i,.,=t,ywrili ngout thenormal form of t hegam< 

., 1 ,., 0 
e, 1 ,\, ,; li,2/i 

e, 0 2.1. Ii O,l 

• ~/i~~~'.':j ~~; uniqu e Nash O(lu ili briuni i1 wh ich the pla)'<" play 



Then0<ma l k,mofthi<!.Ubgam, canDe=1 in the Ta bl e 

.. (•1 - 0, e, - O)i> th< uniqueNa,hequil ibrium 

• (•1 =0,e,= O)i >t h< 1miqu•N..•hoquil ibrium 

.. lnao1)' SP NE, (o; - 0,"1- 0) must b<(",y«J, ftoro = rvi nR (c/- 1, cj-OJ 

.. Wec, n xo th rooxhti><remo ininK •m•ll< t,ub,;, me, a't<rt heob,., rvatioo of 
(e/ = l,cJ =C ) ,nd afte r t he cbsct-, fon of (c/ = i.<J = 1) 

.. W, c,ngo th to,,ghti>e,om,i ningsmali< r ,,.bg, mesa'terth<ob« rvatiooof 
(• / - t,,J - C)andafterthe cb>ervat ,Onof (, / - L";j - 1) 

• We l'oi ll reoch t he <amecortelu<,:,n in eachof t he<e<eenorio<: that 
(•f - 0.e:J - C)m u>t be("a,-,,:lineach of t l..,,.. subi;a me,; 

.. W, cmgo throoih t i>< rem, ini nK•mall< r ,ubj,;a~,'tec th e ob,., rvatiooof 
(e/ = 1,cJ =C J , nd afte r t he cbsct-,fon of (c/ = l.<J = l) 

.. W, l'oi ll r,ach th,s:,m, cor,clu,; ,:i n in <Sc h ol t hos,;c, aario.:that 
(e/ - o.,j - C)m u>tb e("aye<ine.c h ofti>ese subgames 

.. R,gard i.,,, oft -., oO>erve<J,ction ,(0. 0) i, play,<J inp«iod 2 

• We cango thro,1gh t he rem,1ini ng,mali< r ,,.bga~a'terth , oh,., rv,1tiooof 
(0/ - 1,.J-CJ , nd aftorthc cbsct,at ,Onof (</ -1,.J- 1) 

• W<l'oi ll ,.,t<h thesamecor,clu;,:, n ine,chof t h...,sc, na rios;that 
(e/ - o.,j - C)m uotb eplaye<Jine.c h of t hese subga mes 

. """""'" "' '. "'""'" "'"'C 0) ,, ,.,. '" ,~~ ' J 
.. Why~ tri s th e ca,e> 

• We c>ngo th rough t he rema ini ngsmalle r subgamesa'tertheobse rvatioi, of 
(e] -1,,J -() andaftortheci-v,t,On ol (,J - l,ej -1) 

.. Wel'oi ll r<ach t he s,m, cor,clLJ<,:, nin e>ehof t he«<ernario,;:th at 

(e/ -O,,j - C)mustb e pla,-..lineach oft ...,. ,ubi:am"5 

• Re;1., J le»orloeuL,,e,ve,.l ,c li '-",,( 0.0 )i >vi•yeJ ;., .,.,. .:..12 

.. Ti>< iOO- i,th.tpayoff, t h.th,..e accruedi nperiod l areesse nfo lly"' nk , and 
hav,,no intlueo.:,e on incect ive, ;n period 2 

To>ttth i, con ~derthe rc, mal fo rmrepr,sen tati on inthe<UbK•m< alterthe 
oh« rvationof (iJi =l,"5=0) 

cz__ •. c) 
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Normol f orm of Ext<n~V< f o,m 

"1= 1 1.1 - 1. 2 ~· " 
:;;: O, l 

I> We ca n OO the,,m1<th ing forplay,r2 ',pa:,,off, andgetth<payoffmatrix 

~ - 1 ~-0 
<, - l 1.l - l ,2 
<,- 0 2, - 1 O,l 

., W, 'w, ju,t po,fonnoda ff;r, \ ran<fot ,n >t;°"'ofe:w;h po,so,,',ut;1;1,for<1 ion, 

.. :!::'i"\'Clf matfix i, equ ;;·alent from • ,u.«11:,: persp,,:fa, from the or;~;n,I 

.. We ,e Ju,tperfom-daff;ce tran>fotmabonsofexhperson ',utd;tyfurctions 

.. :!!~1>\'Cffni>t,;, ;,oq., ;,.,!ontfrom,watogi<l"'f'po<\ ;,,.1,o mthoor;&;n , I 

.. We ',e justperforffl a ff; ce1ransfot rn a1;=ofe..:hpotso,, 'su1;1;1yfur<1io n, 

.. :!::'i"\'Clf matfix i, equ ;;·alent from • ,u.«11:,: persp,,:fa, from the or;, ;n,I 

• Thu,th< >etof Nasheq u; :;1,r;,,.,;1 1,.,m, ;nunch, ni;<d after th<>etran J orm·t' n, 

.. Th,s no<ma l fo,m i, j ,, st the orig;n, I p,;"""''' o;lc,n m.a 

I> We've just perfor roeda IT;cetransformat;or,sof ud1perso,, 'sut;l;1yfur<1 ion, 

.. :!~,:;'\'Off matf;x i, equ ;;·alent from a ,u.«11:;c per,~t ;ve from the or;i.;n, I 

.. Thu,theset of Nashequ ;:;1,r;, .,.,;1 1rem, ;nunch, ni.<dafterthesetran,f , .t . n, 

.. Thi>no<ma l fo<m i> just th eor;, ;n , lp,; ,onefsd demma 

.. Thi<wi ll betrce nomatte<theact>;)l\profilcp l"!"<l ;npedodl 

a,-~ I 
<l.•"' 0 

l1 

'l-,--\ 

I 



• Ba,.c ,l lyafter,ny hstory, t he >t ratei:ic norma l lorm i,e,s,e1tia ll)the samea, t"" 
original p·i<oner',dil< mmo 

• Botnpla)'ff>pl<y ("j -0,d 0) aftO'f an1inhmati oriset in t h, last perioi 

• Noo, let ,,,eewhatm u>tb epl ayedinth< l ir,tperiodbyt"" twoplay,r, 

• Botnplayer,antici p.tethat (ef-0 . ej-0),.,; ll beplayedafter a ny chosen 
.1ct'° n p,ofile i"the 'i,;1 pe ,iod 

• t¼topla)"l<sa nticipatethat (• /-0, a]-OJwill beplayedatt , , , .,y chos,n 
action profi~ inth e 'ir>t pe riod 

lf we dr-tf.eoorm, lfoonofth i,g,me. t f.en,..,get 

The un icueN,>h ecu il ibri umofthe aboven0<ma l fo<m game i, ,:, 11 O, oe:1- 0) 

( ( ,: - c 

• ThLJ< ,th ,equ il it:.i umou tcomeis , im , ly t r,:o,, p<t itiooof t r,:o un iq ueNE ofthc 
stagegam< 

• H:th..u niq u, SPN Ef<'quiresa ll pl,yerstopla1e;-O at all p"iod,a ndall 

• ThLJ< ,th,equilit:.iumoutcomeis,im, ly t r,:o,,po1 itioo oftr,:o uniq ucNEofthc 

• This holds more ~en erally when !he sta ~, f ame ha s J uniQui, NE 



• H:th.. uniqu. SPN E«<1uiresa ll pla)'<r>toplay e;-O at all p"iodsa ndall 

• ThLJ< ,th,cquiliC<iumootcomei<<im,lyth<rep<t itiooof th< uniq ueNEolth< 

• Th,, h.,~, .i..,ofth,pmc/h t h;.. r,nr>"' Orn ~ex.-.-tly t h,, s.,mo t ha·w,~,w in 
th. repeated pri<oner'sd ilemma 

• Th. ba~c idea of t h• proof for t his pwpo,itioo ~ <X.:Ktly t he >am< tha: w,, saw in 
t he re!)C>ted pri<oner's d ilemrn , 

• ll ll p,<tf>yoff,are,u nk 

• Th.ba~c id.aof t h• proof for t his pwpo,ition ~oxactly t he>am< tha :w,, ""w in 
t h< re!)C>tedprisoner'sd ilemrn, 

• ln thelastp, riod , ti>e inoo,tives of alplayarsar,,xact lyth<sam,as ifth egam, 
,,,.,.e l,ei,~pl, ,..,Jo,,ce 

• TO<b,~ c id<a of t heprocf fof t hi,pwpo< it ion i<"">ctly tO< .ameth a: we<ow in 
t h< re~ated pri>Oner', d ilernma 

• ll ll p><t r>yoff<>re <u nk 

• In t he last period, t he incentives of al player,are exactl ythe,amea, iftheg,m e 

-• hei"&l~•),..lonce 

• Thll'i al l fH al"'r< mull. play t he stage ia rne Nash eq uili bri um >etioo re~,rd less of 
t h< hi,to,yof pl ,y uptoth•t point 

• TO< ba~c idea of t h, proof for t hi> pwpo,ition ~ oxactly t he>am< Iha: we"'" in 
t h< re~ated pri>On« 's d ilernma 

• ll ll p.steayoffs>re <unk 

• In t he last period, t he incentives of al playmare exactlythe ,a mea, if theg, me 
-• hei"t,:,l•)'OOonce 

• Thll'i al l fHal"'r< mull. play t he stage ia me Nash eq uili brium >etioo re~,rd less of 
t h< hi,to,yof rJ ,y upto th•tpoint 

• But thenwt can indxt 

• Tho ba~, idoa o/ th• proof for t hi,. pwpooition ~ oxactly t ho .amo thac wo "'"' in 
t he rep€Jted prisone<'s d ilemm a 

• 1,.,i...1, st ,,., ,iod,tl,o in= ,tiw< of al pl>y,na a,o•x,ctlyt l-., , a,n• ,. ifth• g•" '• 
,..,,..h,ingr!ayedonce 

• lhu<>llpl ay<r<mu st play t he<ta ge i an,.Nashcq "ili bfi.,m octioor<g,rd l<$S o1 

t h< h~to,y of play up to t hat point 

• Kr.ol'Ongthatth<,tageg, meNa<heq uil ibfium i, goingtobepla~ tomor row. at 
any information set,,..,caoign,,,. t rolpast payofk 

• TO<basicide, of t he pcoof for t hi<p<0po,ition i<cxactly the,amo tha: w,, <ow in 
t h< ref>C>tc>d pri>oner', d ilemm , 

• ll ll pasteayoff<are,u nk 

• In t he last f"' riod, t he inc<"ti-. of a l rla,,.,.-, .,., exactly t he ,ame a, if t he zam e 
_, bein&,:,1• \""'once 

• Thu, all pl ay,r1mustplaythe ,tage i arn<Nasheq uil1 C<1 umact,oooegard lessof 
t he h~tory of pl ay up to th>t point 

• Kocwi ni t hat th< >1>g• i'·""' Nash equiliC<iu m ~ i Oing to be pla,.-d t omor row . at 
any inlormat ion set, we can ign0<e thepa<tpayoff< 

• Weconcon t rato just on t hepayoff> inthefotu re. Th uo inpo riod T - l,pla)-cr i 
implyw· nt, to ma ·m ·ze 



• Wh , 1pla.,.,ari ~aystodayha,oocor,sequ<r>cesf<:.r,,fat ha,pcns ir1i>er iod T 
fr,c, ,.,.,awth,t, ll pl~""' il ph y a• nom•tt.,..+ath,pp,,n,inp,,6odT 

• Wh,t p ia{"r i~ay, todayha, nocon,;cq ll<,n<;,,,forwha t haa p,, n, in period T 
, itxowo,awthat , ll play<"w il ~ >y >' nomattot..+ath,pprn,inp.t iod T 

• So, t he maxirnizat ionprol:,lemabo\le i, the ,., mea, 

• 'Nlmpla)'l•i!>ays todJy l,as nocor,...1,-,.;cesf<::,twh,t ha.,r,,ns i., r,et iod r 
, itx, we """' that all pl~ r, wil ~ , y ,• no matter ,,+at happ,,n, in p,riod T - I 

• So, t ho max irnizationp,oblom,bovoi , th, .., m, ,. 

• Th,., o~a in, lo< th i, , o h.o a N,W, "'1 " ili bri um , ,,,. n~ ,,[ ,,,) 1 - ,,: 

• Wh>tp la·,..r i!> ay, today ha, nocon,;cquences forwha t ha,p,,n, in period T 
s inc,...., .. ,. ,h,t, llplay<tSw il ph y ~· nom>tt0<"'h thappen,;., f'(t;od T I 

• Th v< >~>in. fo,th i, ,ot.. , N, sh~, ili bt i .. n , .,,.n..d , [ - 1 - , ;, , , -:;- 1 - ,; 


