
Lecture18.…

Lecture18.pdf
Tuesday, May 3, 2022 3:19 PM

Lecture 18 : Repeated Games 

Lecture 18 Repcated Games 

Recap from last class 

Mc,rethano,eNEinth<stagegame 

&ample2 

Lecture18RepcatedGames 

..'.. 

" Tr.eba,ic id,aof ther,rooffe>rthi ,proposit ioo i,exact1, 1hesarnethatwesaw in 
th< ,cpeotedpri,o, er'o dilcmm• 

" Tr,ebasic id,aof\her,rooff<>rl hi ,proposit ioo is,xadl1thesarnelhatwesaw in 
thecepeatedprisoaer',d ilemma 

1- All pa<tpayoff, a" "'"' 

.. Tr,e basic id€aofthe r,rooffort hi <proposit ioo is , xact11thesarnethat we saw in 
thecepeated prisoaer',d ilemma 

.. All pastpayoff,a,. sunk 

.. lnthe l., t period , t he1ncentr,es o' a ll Fl•yersareexactlyt he"1 me a, 1fthegame 
....,,ebeing: playedonce 

.. Tr,eba,ic idea oftheproofforthi ,proposit ioo i,exactt1thesame th at wesaw in 
th< ,cpeatcdpri,oncr 'sd ilcmma 

.. All pastpayoff,a ,. sunk 

.. lnthelast.,.,.iod,!he incentrllesof a ll r laye,..a,eexac! lyth<sameas if! he garn, 
_,. h~in& ~ nn<'.' 

I> Tho, a ll pl;oy,rs mJst play ,r,, ,t,~e game Na,h equilib,ium action cegardb, of 
th<histcryofplayupto t hatpoint 

.. Tr.eba,ic ideaof theprooffor thi ,propo,ait ioo i,exactt1thesamethatwesawin 
th< ,cpeatcdpri,oner'sd ilcmma 

.. All pastpayoff,a " sun< 

.. lnthelas1.,.,.iod,!he incent"""8of a ll r laye,..areexac! lyth,sameas if!he i:arn, 
~ beingpl.yedon,;e 

.. Tho, a ll pl •y,rs mJst play the <ta~e game Nash equilibdum action cegardb, of 
th,histcryofplayupto thatpoint 

.. B, rt henwecan induct 

.. Tr.~b><ic .i.aof th • r,rooffo,ti,i,proposit ion i••xactl1th••• •""thatWf< <>w i" 
thc ,epeatcdpriso, cr'sd ilcmma 

.. All pastpayolf,arewnk 

.. lnthel.,t period , t he incentOle, o'•llrlay,nareexactly t he .. meo, ift hei;ome 
"""" be ing pl.y,donce 

.. Thus a ll play," mJst playt™sta.:ega,ne N•sh eq uili l>riurTl ,ction regardless of 
thehistcryo/p layup toth atpoi nt 

.. Know ing that the=gegame Na<heqo lib6um is going tobe play<d tom om,..,, at 
anyinformationset , wecan itnorethe pa<tpayoff, 

..'.. 

~ Tre basic id,aof the r,rooffor thi ,proposit ioo isexact1, 1hesamethatwesaw in 
th< ,cpe•tcdpri,o,cr'o dikmm• 

.. All pastpayolf,arewnk 

.. lnth e last period , t he incent rllos o'a ll Flayersareexactly t hesam•asif1 hei:ame 
we,-.,being pbyed once 

.. Thus a ll play," mJst play t™ sta~e ~an,e Nash eq uili l>rium , ction re~ardless of 
thehi<tcryofpl ayup toth at point 

.. Know int tha ! t heS!aie i a,neNash"'Julibrium is ioini tob,p lay<dto'"om>N, at 
an y infor matioo:;d,wecan iinore the p;,stp;,yoff, 

.. Wecon cent,ate ju<tor,th<ep,yofu in thefutu ce . Thu, inpe ri od T - 1,play,ri 
simplywantstomaxim ize-

;';,(li' -2u,{a, , <l~i 1) t 01- 1u,(a'} 

.. W ,at pfay,,,' pl>ystorhyh» oocoo,""l"""""'fofwhat hapf'><'ns ;., pe ,io,t T 
sirce ,.,.sawthat all play,,,s ·..,i ll play a'no matte, wha: happe ns iope ,iodT-1 

.. W,atplaye,'playstodayhasnocor15"Guencesforwhathappens;.,pe riodT 
si ,,,. ,.,,.,c,wthat, ll pl,Y""...,i ll playa'nomatto, whacha pp,,.1< iop<1 ,iod T 

.. So,the maximi zation problem.tbo·.e is : he,.,m e a< 



• W 1at player ' plays today ha ,nocooS"Gu• ocP<fo,wha1happ<" ns inp<" riodT 
S<n,:ewe,aw that, 11 pla~r,wi ll pl,ya ' nomatterwha: h,pp,n , in p< riod T 

• S.O,thema, imiza t"'n p,oblema lx weis : hesamea, 

•. ,~. u(a-. a ; ) 

• Thus again, fat th is to be a Nash cq t, il ibr iu m, we r eed a,T 1 = ,.:; , , aJ- • = a~ 

• W 1atplay<0,,p laystoday h» oo<oo,scquooccs forwhat hapl'<'n, O, ?CriodT 
sir,eew;<.>wthatall pbyer.will play a' no matterwha:happen s inp, riodT 1 

;:'(,\"·(•;,•~, ') 

• T llo, agai . for thi> to be • Nash eq uilibr iu m, we r-i a{ 1 - di , •J-• - d~ 

L""tute 18 Repeated Games 

kecap trom la,tcla55 

Morethano1eNE inthe stag, game 

Exa,nplel 

&ample 2 

L""tute 18 Repeated Games 

Moreth;rn o1eNE inthe st.1gegame 

• W1>t l'.OO ld hap penif thore u e mo,e t hanon<NEof t hestagegamel 

• Suppo0< instead that t he stage game looksa, fol low-; 

• lt:hegam,ei,on lyplayed on ce 

• 11 : hegamei,onlypla~ on ce 

• TC.ere are two por<stra:egy Nash oq uili>ria: (A1.A2) and (C1,C2). 

• lf : hegam<:~on ly play,,donce 

• TC.e,e aretwopu,.<1'>eegyNa <h eq ui lix ia : (1\i,A,)and (C,,C,) 

• (B, . B,; is n-0taNash c,quili bri1Jm if th<ga mois on ly play,;xiooce 

• If :he g, m<J ~ on ly play,,d once 

• ln th eooe--shot ga.,,. ,tl,e Nash aquil it.-,aa reinclficien1bocausetlieyam f'a,ato 
dcm in atod b) (D1,[h) 

• Playin&theNE oft h<l sta&ep,n, in"""Y f*' iod~ aSPN E in th, repe,tedgame 

• Playi ng the NE of t he , tage game in ""ery period i, ~ SPN E in tli e rep eated ga me 

• TC.e logi<: i, 1hesa mea, whe1therei, asi nge NE 

• Alw.,ys,laying (A1.A2) i>a Sf'N E 

• Alway,;;,layi ng(A1, A2)isa SPNE 



.. /\ lways;,laying(C, . C,) i, a SP/1/E 

.. i\ l;,ays;,laying(CL C, Jis aSP/1/E 

.. Ccm bin ing/1/Eof the stage gam< i<al>oa SP/IIE 

.. Ccm bin ing /1/ E of the stag~ i' ""' is also a SP/1/E 

.. Tf• lc,gi<i< t l,o <> m••• b•h• 

.. Playing(A1.A1) ir t-l and (C1 . Ci) in t-2 i, a SPIJE 

.. 5imil arly, plai ing {C1, C,J in r l and :A,,A,J ir, r ), isaSP/1/E 

.. T hisis uni ntcres!ingsh>ee/1/osheq uili b,iaa<ep la)'OOi n wecyperiod 

.. T f,is i, uni ntere,iing sir.:;e /1/c,h eq uili b,ia are pl,1yed in ""~'Y period 

.. T f,i< i< uninteresting sine~ /II.sh equ ili bfia ar~ play<d in every period 

.. Tf e SP~E that -. ·ve c,n,idof<;d , players alw.y, play strategies that do not 
« ndit ""'1 on what happened in th o p~>t 

.. T f,is i, uni ntercstingsir.:;c/11,sheq uili bfiaare pla)'OOi n wccyperiod 

.. T f e SP~E that -. ·ve c,nsid«,xl , players ,i lw.y> play stratcg •es th at do not 
co ,d ito;;,no n what haw• nedin t h, pa,t 

.. W ,at ,r,ake, , re peatedgame interest ingi ,whenplay,,r,;;,l ay<tr.tegie< in SPN E 
that cond itiC>Oo,,whathappcnedinth<lpast 

.. Thi> i, uni ntere>iing,ince /1/csheq uili bfiaa~ played in ""e ryp, riod 

.. Tf.e SP~E that we 've conside,ed , players al=ys play strategic, that do not 
co,dit""'1 on wh >t h>ppened in th, past 

.. Wiat ,,-a k.., a repeated gam, int,resting is wh en pla~rS pl a)· stra t, g~ 
th,tcond itiooo,, what ha ppened in t h< pa,t 

~ This cou ld nothoppe n1"Jher1t he stoge gameh od , uniq ue /1/E 



• This is uni ntcrcs! ing ,;™"' Nosh eq uili bfia are pla)'OO in we<y period 

• Tr.eSP~Ethatwe·vecoo,idered,playersa lwaysplaystrategiestha1donot 
co1d it ion on what happened in th, p~•I 

• W,atll'akesa repaated game interest ing;swnenplayersplaystra tegies inSPNE 
thatconditiooor,.,.h at l,app,oed in t l"'past 

• T hi<cou ld not happonwhcnthcotas;c g, mch ad, un ique NE 

.. lnthelast pe- i-Od , a ll pl>y<,rSwererequired tcplayttw, , niqu<N~,ctionaltera ll 
hi,torie,! 

.. T hi> i,uni ntere>1:ing,ince Ncshequ ili b,i,,~playedi n,ve rtp<riod 

• TC.e s r~E that w, 've con sidered , play,r, always play otrategie, th>t do not 
cood itionon what happened in th, past 

.. Wiatn·ak..,a repeatedgam, inter<'Sting iswhenplafrrS pl a)·Stra teg~ 
th,t cood iti ooonwhathappenedinth<pa,t 

.. This cou ld noth appen"her, t nestageg, meh ad , ur, iqu, NE 

• This i, uni nteresting,ince Nc,heq uili l>ria,~ pl,yed in evertperiod 

• Tr e SP~E that we've con , id<red , pl aye r, always play strategies that do not 
co1d itiononwh athappenedinthe past 

• W 1at,ra k"' an,peatedi.ame ;ntecesting i, wheopla~"pla)·st,ateg.,.. inSPN E 
that cond iti ooonwl,athappenedin t h< past 

.. This cou ld nothappenw""'1 t ~stage 1:ame had a un iqlte NE 

.. lnthel><t pe,iod , a ll pla)'<'r<were requirod tcpl, yth<, 1. niqL1<NE , ctiooafter a ll 
historie>! Why? 

.. To see th is, su ppos, th,t a histO<y (a , ,~ ) was pl:,,,,,,d in period 1 result in~ ir, 
p;,-off, frompe<iod I of(x.y) 

.. To ..,. thi <, <JI PP""' th'1 ~ hi<t"')l (>1, , 2) wa< pl""""'" in periA 1 
pa)'}ffs fron,periodlof(x, y) 

.. TC.enthene<m.o l fo,m c/ the,ubgame>tart i~;n pert:lc2 i> givenby 

• Sincewe aro just add inK th<same(x,y)tooachcell and mutiplying by6,the 
N.sh equ ili l>rium romain• unchanged frcm th, origina l <tago g, mo 

.. Since,.. , r, ju<l add ing th, <0 me(x,y) to e:,c h cell ond mutiplying by,\, the 
N.sheqLJ ili l>rium remainsunchangodfrcmth,originalstageg, me 

.. Si,,ce ..., , ,e jusl aJJi ,.1, ll0< ;., ,.,e(• .il loe><: I, cdl a, .J "'"liplyO ,~ l,y,\, Lio, 

N.sheq LJili l>rium rema ir,s unchangodfrcmtheor igina l stage1ame 

• T r.c set of Nash cquili bfia of t his s,,bgamo is g iven t>,- (A1, A:) an<l (C1,C1) 

.. Thusafter anyh i,:ory. t"'lS<tof pure!t ra tclr)INEa re (A1 ,A2 )or(C1. C2 ) 

.. Since we are justa ddi ni; th,same(x,y)toeachcellar,d mut iplying byO , the 
N,sh equ ili b,ium rema ins unchanged frcm th e original stage ~ame 

.. Thusafter anyh is:e<y. th<'s,tof pu restta!(i!yNEa re (A , .A,) o, (C,.C,) 

.. Since SPNE requiresNash equi librium ineveryStJbga,n<, thism<Jans t ha t aftor 
>n yh i<tc,y. (A1,A,Jc, (!,J2)mu, t l,• rby"'I 

.. Letstryto find a SPNE n which( B, ,B:,) ispla~ nth efirstp,riod 

• Ccn,;Qe<thef~lowing,trate,;yp,ofile. whe,e -,pun;, h ;nt - 2 ifwe<Jon 'tpl•y 
(B,,Bi : ir, t-1 

.. Ccnsidert he fol lowings1r,1e,;y prnfile. 1.-herewe pu nishin 1 - 2 if wedon't play 
(B,_,B; ; ir, ,-1 

.. Ar na pl>ys thefo lb.o ir1g strategy 

.. Ccnsider t he f~lowing stratei;y p<ofile. wher~we pu nish in /= 2 if W<J don 't play 
(81,a,; ir, r-1 

.. Arna pl,ys the fo lb.o ir1t strate~y 
I. Pla1l>1 i,p,r.,.J l 

• Ccn,iderthet~lowingstrate,;y p<otile.wherewe pu ni,h int - 2 itwedon'tp lay 
(B,_,B;; int-1 



- :: • ·: •• :J..< \ l'I•• 

;A)lfl?~~i)~:;~:;:·~;,.::·:;•;•::1 :,;,ilJ,•. ;, , .;~ • 

• ~:7"'·• 111• -,ithooq,,.t,, • I ~ "H,• • I\' • ...,_ >< ,. "• • f>;.'• 

.. ~::;::.::::: ;::-:: =~.::·::::-.:::::'.':: ·;;· :.~: i.c:~~ .. ~ j . ....... , ··""' 

• ir ~ . ·., :, ~.~ .~· .'.:: .... :.111 .,·,:;;. ...... ..... #. ,. , .. .... , , .~ • •• 



• Aga in in thiscase , not,thatwearesimplyadd ingt l,., s., me payoff..,.ofil,{x.y)to 
ev,rybox and mu lt iplyin gby6 

• T C.e,dore, th , Nasheq,ilibfi um isaga in the setofNa,hequ il ibriumof theorigina l 

• lnthissubga me , itisaNashequ ilibr iwnfor i,layerstoplay(A1,A2} 

• We have cOe<ked th at th<! strateg)' f"Ol il,:, was indeed • Nash cqu i~brium in • II 
<uhga"""th ,thetininl"'riocl2 

• W,hav,coe< kedthat thesm t,g)'f"Olile was ind<,ed a Nashequ i~brium in a ll 
suL,ga " ""' ' l"tl,"l\i"i"pe,ioJ2 

• TC.e or, lyother s ut>gam ois thewh,:,oga meitsei/ 

• Wo havc chcckod th at thc stra tegy["ofik w;,; in.k,cd a Nashcqu i,br ium ina ll 
s.ubgarn-esthatbegininperioJ2 

~ TC.eor, lyothor s ut,gam , is thew"<"e game it.sell 

• W,ne<edtocheckth at inde<edthe<trategiesconstitot<, Nash equ ilibriu m in the 
..+,;,leg, me 

• We have checked tha t the ,tra t , g)· pro/ii< wa,; indttd a Na,h eq ui~brium in a ll 
su bga=thatbegininperi oJ2 

• TCe or, lyothersubga m,i,th<wh,:,egameitself 

• Weneedtocheckthati ndeedthestrategiesconst itutea Nashequ ilibri!lm in the 
wl·.oleg, me 

• To do th;,, ,.., al,.,,~y "Pe,;ilied th, r,lay a t a I info,mafon ...t, in the s«con~ 
pe<iod 

Soweca n ,imp lifvtht gamewhich givesthtfollowingiamet r.,. 

n,. norma l 'C<"m of th" g>me (condotoon. l on what haw,;n, ,n 'f= :i)" 

U/1, (, 
,&4 +3J>5 + 6 

if,_,. -a_,.&4+:J.:i '.:: 5- a 
if,;,_; -C; 

• lnthi< ~amethebe>t re,ponse lo,pla~i i> 

ifs ;=A 

ii, ; - 8 
if, __ - 8 , & 4 + 3J::;5-6 

ifs :=C; 

• (Bi. B:,; i, a Nash eqoil brium if 4+ 3,1 2: S+ 0 

• lnthi,~ame thebe>t re,pons,fo,pla~i i> 

ifs ;=A 

ii•- .- a_, & 4 +:J.:i> i -a 
if._,. - a_, & 4 +J<l :s: o - ,l 

ifs_ ; -C; 

~ (B, ,B, ; isaNasheqoil't,·ium if4 t 30 ~5 t 0 

• (81,82; is a Nash equi l' btium ifO> 1/2 

• lnthis~a me the bc,t rc,ponsc fo,pla,,.,,-i i, 

BR,(s 

il>-; - A_ 

if, __ - 8 , & 4 + 3J2:5-6 

ifs ;=8 , &4 I 3-i<5 

if>-; - C; 

• (B, . s, : isaNa>heqoil't,rium if,\> 1/l 

• ln this~a me the bc,t rc,ponsc fo,pla,,.,,-i i, 

if L;=A_, 

if , ;- Ii , &~ I 

il>-, - 8 ,&4 + 3J:S:5-5 

ifL;=C; 

• (Bi.Bi: i,aNa>heqoi l' brium if4+3,i2:S + O 

• (B1,Bi: isaNash,qoi l:btiu m ifli> 1/2 

• ~,!:~rr~•:, the futu-e enough ,:6 > 1/2) . t hen t he futu re p,i,e is ""'th t Ce 

• W1 at istheu ke ,-ayofth ise~e,ciscl 

• W1at i, the take-ayofth i,exerci«l 

• In th e "'~ated P risoner 's Dile m ma, t'~ >l>K< K' ""' (pia~ ju,t o nce) had iu>t 
oneNa,hequil ibfium 



• W 1at is the take ,,..ay of th isexercise' 

• ln the<epeat ed Pri soner's Oilemma, fr,estage game( pla)"'°just once) hadjost 
on, Na;hequ il ib<iwn 

• Tr.e oo ly sub&ame pe,f,ct Nash e<u il ibtium v,a, t c pb y t h<l Na sh eq ui librill m of 
th< st a~e ga ri, in ,ve ry l)"riod 

"' W1at i,the t, ke-ayof thi ,exercise? 

"' In th e "'pealed Pri soner 's Dilemma, t'~ >l>Ke K" "" (pla~ iu>t once) had iu>t 
one Na, hequ il ibfium 

"' Tr.eon ly,ubtame perfect Nash ecuilibriu mvia, tc play t heNa,h equ ilibriumof 
th< ,t,g, ga rie ine,,eryperiod 

• lo l•cl,or,ocu~n•••uol ly tlo• t if t••ll•••••"'• • .. • ly•• N1.!, 
""I Jil il,r;,,., I O•n io t h• ,., .. ,.,. • ' "'" •~II, tO>t " "• " 1• m• , 10• ,n iq,, 1ulo••

;:.1~: i~;: .,:;~;~·; ~ roq t.•irH tM N, .i, ""luililiriuoo to b• ... ,.o in •II por..i, 

.. W 1at is th, ta ke,,..ayof th isexercise! 

"' In the ...,pe,ted Prisoner·~ Dilemm~, h e >tage game (plo~ ju>t o nce) hod j ust 

oneNa, hequ il ib<iu m 

"' Tr.eon ly,ub;;ame pe rfoct Nash «uilibri um v1a, tc play t hella ,h eq ui libriumof 
t h< <t agega rie inNe ry period 

., lo l• ct , or,o cu ~· ,.oorol ly tl,11 if •• • •lo•••""'" ... .., ly - N,.i, 
oqJ il il,ri,u,, tO on i• t ho ro pHtod ,,_ •~t i, tO>t ,u,, I'm•. tM uni q1• 11,h.,..,. ::.I~; i~;~· .. :~!':::• ' ""luirH tM NH h ~ , ililiri, •> to l,o ,. ,,,..o in ,II ~-..i, 

"' l, c.-trut , io tl, i1a1,,..,,.. . .. 11o ,11;,. r,wu11, 1ot;1 n,,,1,fo:tN1a 
~ uilil,,;, ,.., i, ,.1,,:0u,_.ti"" pn,fi l•(l'l1,111)•1o"t .. •• ••• •lilo<O, ~., il il,,-i,, .. nf 

tM,to1111ri,w• pl1!"(1 io,..-.dl 

"' W 1at is theta ke ,,..ayof th isexercise? 

., In th e "'pealed Prisoner's Oilemm~, t OC >tage game (play,,jju>to nce) had ju>t 
o ne Na, hequil ibfi" m 

., Treon ly,ub;:;ame perl'ect Nash«u ili briu m vi» tc play t hella ,h eq ui libriumof 
t h< stagegarie inNe ryperic<l 

"' lo fa ct , or,o cu ,ron ,-oral ly t lo>t if tlo o , t11• I""'' Io n .., ly - N,.i, 
-i , il ilr,;,,., tOon io t ho,., .. ,.;''"'" .,;1~ tOot ,t11• 1• m•. t Oo , ni q, o oub11..,. 
p•foct Nnlo oquili lrri•• r,iquirH tM N,.i, to1• ililiriuoo to bo """" in 111 por..i, 
uOo ll iolor•ati..,Nts 

., ln conuast , iathi, ii;ame, we,..w that the cew,, a , ubi>;ameperlect Na<h 
cqJ il ibrilJ m ir whi<h anaction i,rofil e(B1.B,)that was not a Nashcqu il ibrium of 
t™' <t• go ga r1owa< pla~ inf>"'iodl 

., Thiswas hcu usethe re -M;re multiplc NashCQ<Ji li bria o;thestage gamethat 
co , ld b<,u...:lasr,i,e/p un ishmentfotcertainbeha,iots 

"' Are tMrear,)· o th,ractior, profilest hatcan bep lay,;d in th<lfostr"' iod? 

.. AretMrea r, )· ot h,raction profiles thatcan bep lay,;d in tll<'fi rStp"' iod? 

., Suppos,thatt hepl ay,ra ,,,,r, toplay (A,, B,) inthefir,tperiod 

"' Are t herea n)' otheraction protile>t hatcanbe played in th<fi r,tper iod ? 

"' Su pp0<• th>tth o pl a)'!r, 1,,,r,to pl ay( A1 ,8, ) int ho l irst p,..io<J 

"' Supposethat theplal"'rsMre toplay{A1,BJin theli~ period 

., Rememb< , eith..- (A1,A2)or {C1 . C2)mu,tb<pla~ in • nypurest rategySPN E 
after a history 

"' Now l<t U< a,gue that (A, ,/3, ) ~oa not be pl aye<i i, p~,io~ l in a SPN E 

"' Now l<t tis a rguethat(A1,8;, ) ca nnotbeplayed i,pe riod] in a SPNE 

"' Supposeot herwise 

"' Now let u,a rgue that( .4, , B,)ca nnot bepl ayed i,periodl inaS PNE 

"' 5upposeoth crwise 

., Nom at t<r wh at happens in theseco ndporiod , thoreisno wayA 1 cot, ldbeabest 
responsea&ainst&, in thefirst period 

-'-

"' Now let u,a rgue that(.41 , B,lcannot bepl ayed i, period 1 inaS PNE 

"' 5upp<><• oth, rwi ,e 

"' Nom at:erwhat happer,s in th esecondperiod , there i> no w, yA1 cou ldb e a best 
re,pon,eaga in,IB; inthefirstperiod 

., Tr.emaximumpa)'Offth.tpl,,,..rlcoul d get fromplayi ng according tothi, 
"• uP'flosed"Sf' NE 

"' Now let u,a rgue that(.41 , 13, )cannotbeplayed i,periodl inaS PNE 

"' 5uppose otherwi,e 

., Nom att<rwh at h,pprn, in tho.eco ndperiod,thern i, noway A1 cO<J ldbcabest 
responseaga instf½ inthefirstperiod 

.. Tr.e ma.imu mpa)'Offthat pl ayerl coo ldgetfromplayi ngacrotdi ng toth is 
"suppos,d"SPN E 

., Now suppose tha t play,,r \ deviates to ( 1 instead of playing At 

"' Now letusa rguethat( A1 , bo ) ca nnotbeplayed i,pe riodl inaS PNE 

"' Supposoolh crwise 

., Nomatte rwh at happer,s in the seco ndperiod , t here i> no wayA1 cotildhe abest 
responS<aKain,I B; inthefirstperiod 

., Tr.e maximu mpa)'Otfth.tpl, ,,..rl cou ld getfromplayi ng accord ing to th i< 
"<uP'flo,ed " Sr>NE 

"' Now ,uri,osothat playcr l <INi.ote,toC1 instc.od ofplaying A1 

.. Tr.e wc,,st the payoff th.i he,;ould 1:•t in an1· SP ~ E 



,,, (c, ,B:,J 

• 5 + I) isa lwavs grea ter than 38 

• Canthoret>eaSPNE n which ~ played i1perOOP 

• Canth ore beaSPN E in which (A , C 
• Tr, ~n<wc r i, no for th< same re,~n , ) is pl ayed i , period P 

-'-

• ByplayingA , 
aga in<t C, , ,:,"(:~ti;,;:·,:::: ~:;·~ :,• for in a SPNE ;~ 

• TC.c worst payoffthatplayerlcanobtain by pbying C, instcad in 

u, (c, .c,) + <>ui(A, .A,)= 3 1 rl p,, riod l ;, 

• 3 + '5 i,a lwa:,->g,., te, th an :lo 

, ,, ,,C, )c.n be pla~ in aSPNE in "' :;i:•t:Jyk"""'" that(A,,A,},(B,,8' (C 

,, , ,C,) can be pla)'Cdin aSPNE in "' ~~;~'i"'Jy k"""'" tha t(A , .A,),(Bi,8,' (C 

-

-'--/~ [0] (i]. 
u,(.M.1>.,,;:U,C<.,iJ-1-& V,~GJ, 5~3b 

~,(Ye-~1u,~,, i0 dV,C~Q~ '<t ~~ 
)v ,(A,,Br.J +~ V,(c,,c~-yo-13J 

• Cc n,idert he f~lowing <l ratei;yp,oti\.e 

"' w,,.,,,,..,h,t th•str><oe;y i,, NE nth••obpmt<t hotst><t int 2 

• W,kn<>N that lhe strategy is a Nf int hesubgames t hststart in t= 2 

.. Bctwhatabouttlie whl>leg, m"? 

(31 
l)-..~ ~~~J)· U{c,,B~)+J:iD{<;/~~ l t5d 

U ,{_)c.1i)• l U,l c,, 4•) + bU.(_ c,,c,) • 0 + ?, £ 
) u,{_c., c.,), !,u.(.A,,~) "s , ,i 

Vi(~o ~~ J- V~")6~v) 
Ir~~ )- ~-\ S 

l-~> 2. 
b'?- ( -::::=-"17 Sl{B 



S.Owecan simp li f,thegame whi<hgivest0€/oll o'Ning,;ame\ re, 

.. ln thi,~ame thebm esponsefo,pi ay,,r 

.. ln th is~ame the best responsefo,playcri is: 

.. lnthisKame thebest r"'l>Onsefo< pl ayer 

ifs1 -A, 

ifs1-8, 

ifs1 - Ci 

if s1 = c, & ~ 

if 51 = A, 

ifs, - 8, 

if51 - C, 

.. ln thisi;o methe b..,, r"'l>Onsefo,play,,ri:~:= C,& J= l 

ifs1 =A, 

ifs, = B, 

;f,, - c, 

ifs1 = c , .L J 

.. :'p:";:';~'~t,:'tome of th1Sgame r<to play (C, ,B;) ,n period 1 and (C, ,C,) 

-'-

.. Wekn ,,,, 1hat! hemategy i,a NE ,nt hesu bgames thilstart in t = 2 

.. Bctwhat aboutthewholegam,e? 

Sowecan simp li f,thegame whi<hgivest0€ foll c,Ning,;amet ro, 

normal >orm of th" gam< (conditiona l on what happens n T - 2) • 

Normal Fe><m 

.. l n th is i;;ame t hebesi response le><piayer2 is 

if s, =A, 

if s, =/3, 

it ., - C, 

if s,-A, 

ifs,• B, 
,1,,-c, 
if s,-C, &J- l 

1 6) 

-

.. :rp::~i~ta::oome ofth i,game i<to play (C,,13,) nperiod l and( C, ,C,J 

.. Tf,~,e ,re many many pure st rategy SPNE of th is game! 



.. Tr.e,e ¥e many many pu re strategy SPN E of th is game! 

.. Tre set of p,u,e strategy SPNE can in,c lve t he pl"'{ of oon-,tage game ~E action 
p,ofiles inpe riodl (a ltfc,ugh in ixriod2, pla.,-er, r1ust playstagegameN E} 

.. W,',~ al ready S<O< n th at there may he mlllt ip e Sf>~E that lead to the ._. me 
eq, il it,r;.,mo , tc<>rnes 

.. Thus, charac:e ri, in gal lpures\rat,gySPNEisextremelyted ious 

.. Tre,e,remanymany p., restrotegySPNEofthis&amel 

.. Tre set of p,u,e strategy SPNE can in,c lve t he pl"'{ of oon-,tage game ~E action 
p,ofiles inpe riodl (altfe>ugh in period 2, pla·,..,-,r1 ustplay<tage~ameN E} 

.. w,·,~ al ready S<O< n th at there may be m1Jlt1 p e Sf'1'E that lead to the ._. me 
eq, il it,r;.,mo, tc<>rnes 

.. Thu,, ch•rac.e ri, iri g~I I pure,l r•tegy SPNEi>""t ,emely led iau, 

.. So insteadof ca lcu lat inga ll p<>SsibleSPNE.lets justcak ulat<t hesctof all 
pocsibleequili briumoutcom<, 

.. Wokno,,.that thcfolk,..;ng,r<opc"'-ibleeq"ili br i"m outoo mcs 

.. W,knU'N t h, t thefollowing , "f''"sibleeq LJili U< iLJm Outoo rr~ 
1 ('11.Ao), ( '11.'11) 

.. Wokno,N t hatthe followrngarepcss1ble eq tJ1 l1br1um outcomes 

.. WekrH>N that !hefollowingaref)Cssib\eequil iU<ium outcorne; 

.. W,kn<>N that lhe followi ngarepcssibleequ ili brium outcomes 

.. c.,.,u ,.,.elH,ul1 1er equi li br iun1<>1Jlcu,rre<>7 

.. Canthereb.eotherequi li briumoutcomosl 

.. Weknc,N lhatthe following arepcssibleeq uili briumoutco me> 

' 

.. Calltherni>ee>therequili brium outcomes7 No1 

.. Canthereb.eotherequ ili briumoutcomosl No l W hy? 
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• I~ the ~bove an SPNE? 

• no( iH<l)I 

• Pla)" r l 

.. oo{ ifO< ! )' 

• Pla)l<) r l 

• lf he fofo,,., : " ' =10 

• lfhede'oct ,: " ' =11 t ,I 

! I' 

• lfhede'ects:u1 ll+ il 

• Follows if J C: ~ 

• lfh,fofows:"' IO+il 

• l'la)l<) r 2 

• 1/i,,, fol = : u, - 10 + & 

• Pla:,,,,2 

• Foliowsif 6 < ) 

• Play,,,: 

• lf hede'ects: ,,, 9 + J./i 

• Fol"-""ifJ S ! 

• Canoo ly bea SPNE is,1- .j 

Stat e Game 

~ c, 
(0.9) 0 . 9) 
(3,l) (0 , 0) 
(0,0) (l.3) 

• Tre key oetle is t hat pl..,,,,, 2 by breakin~ the a:,;re< ment in period 1 mo•,e, the 
period 2playto his favored,aagegam<NEof(C1. C,) 

• Supposewefi ippedtherolesofBandCandcomidere<lt hefolkM ini; strJte,;y 
prnfil<l 

• l his is nota Sf'N ~eitoer becausenow~aye· l hasade!tn itC,e incent ive to 
M,ia te from (A1, A2) in periodl 

Stoi"Gome 

~ c, 
(0,9) (0 .9 ) 
(3,\) (0 , 0) 
(0,0) (l.3) 

• T his is nota SPN Eeitoer beca usen ow J> aye· l has a de(initC,e incentive to 
,k,iate from(A,. A, ) in pcriod 1 

.. 1->1, yc r l 

• T his is nota SPN Eeitoer becausen ow J>ay,,· l hasadefin itC,e incentive to 
d,,,ia te from(A 1. A2) in period 1 

Stoi" Gome 

• Playe r ! 

• Tr,i, i,not a SPNEeither boca use nowpla,.,·l ha,adcti nitC,o incentive to 
,k,iatc from(A,, A,) in pcriod l 

• Pla)l<) r l 



.. This isnotaSPNEeiti,. ~ 
°'"atc from(A, ,A, ) in~criott•now pl ay<>· l has a defini t ive in<entiwto 

.. Pia,., , ! 

• u 1., u, r..:,,. ", - H + 3-i 

• Alwayo do!.ct, 

.. So how do.,,.. constrtict a SPNE wit h (A1 , A2 ) play,:,d in p~riod 1"1 

.. So OO<lldowe conmuct a SP NE with( A1,A, ) played in periodll 

.. Soh°"" doweconstruct , SPNE with( A1,A, )pla~ in periodll 

.. ;,:~, \;.::::i ~: :;,:,:~::i:I~~! ~- oot n,M to be F'mish,_-d in f>Crio<J 2 

.. ~~:~: OK>us, ,n period l player 2 is best resporid ing myopically a t (A ,. A,) 

.. ~ h°"" do we construct , ~PN E with (A1,A2 ) pl ~ in period H 

.. ;,:;, k::c:-:, ~.: :;::,:~::t~~~ ~- oot ncM to be f>Jnishc-d in f>"'iod 2 

.. !:~~: Ot,'.JUS<' in period l play.-, 2 is bo-st resporid ini: myopically at (A , . A,) 

.. Pl>y,, r l 

.. Pia,-,, , \ 

• 11oe ro 1""-", "' 

.. Playt, r l 

• lf .., fo ll<w,;,,,, = lOI J.\ 

• If he defects: v, = 11+6 

" Pia,-,, , ! 

: It ho fo lkws, ,~ IO+ 3,\ 

• Playe r ! 

.. Play,, r l 

• lf l>e fo llws. u, - lO+ :JJ 

• lf hod ,1,ct.; v, -1 1+6 

• Futlows il<I::;\ 

.. Pl>y,' r2 

• lf he fo ll,,,;;· ", = lOIXI 

• PIJy,, r l 

• r1a,., , 2 

• lf he fulluw>:.,, = lOIX,\ 

• U oe d,fem, .,, - g + X,l 

• Pl>y,i , I 

• lf hofol""-": u, - lO+ :JJ 

• lf hod ,1,ct.; v, -1 1+0 

• Futlowsi l&::, \ 

.. Pla)"" r2 

• lfhefol""-":u, - lO+ XO 

• lf hod , f«;t, : v, - 9+x,; 
• Fut1ow, 

Stai:e Game 

Stag• G;ur"' 

Stage Game 

Stag• G;ur"' 

B1 C, 
(0,9) (0 ;9 
(3, 1) (0, 0) 
(o,o) (U) 


