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Dominnce

Beauty contest

> Consider among 100 pople.
5. betwen 20 and 60

> Let 2 be the average of the number salected by the ther 9 peope. i
a0= Tith

> The utity function of the indiidul i

Beauty contest

> Esch indhidual masinizs i uiy, FOC

et
S35 "
=3

Beauty contest

> Each iniidusl masinizes i uity, FOC

I

> sl would prfer o slct 3 number that s exacty equal to 1. times the
average of the athers

Beauty contest

> Esch indhidual masinizs i uiy, FOC

3
“2s-3an=0
> Il would prfer o slct 3 number that is cxacty cqual to 1.5 times the
athes

> That i they would ke o choose 5 — 3.0

Beauty contest

- Exch indidual masimizes i uity, FOC:

> sl would prfer  slct  number that s excty eqal to 15 times the
e of he others

> That sty voud e 0 choos 5~ .

> buta < 20,00

Beauty contest

> Each iniidual masinizes i uiy, FOC
3
25~ a0 =0
> Indidusl would prfer o slct 3 number that s exacty eual to 15 times the
> That s they would e o choose 5= 30

> bua < 20,0

> Therore 5~ 20 i dominated by 5 - 30

Beauty contest

> The same gocs for any number bt 20 (nclusive) and 30 (rot incldc)

Beauty contest

> The same gocs fo any number betwsen 20 (nclusive) and 30 (not inchdsd)

> Knowing this, ol individal bl that eveyone ls wil selct » umber
30304 60 (.. 2. € (30.60))
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Beauty contest

> The same gocs for any number bt 20 (nclusive) and 30 (rot inclded)

> Knowing this, o individual beiev that eveyone el wil selct 2 umber
betueen 30and 60 i, a-, € [3060)

> Playing
by pning 45

Beauty contest

> The same gocs fo any number betwsen 20 (nclusive) and 30 (not inchdsd)

> Knowing this, o individals bl that eveyone ls wil selct » umber
between 30 and 60 (e, 2 € 30,60

D

> Playing a number betwen 30 and 45 ot inclucing) would be sty dominated
by paing 45

> Knoming this, ol individuals beev that eveyone lse il select 2 umber
between 15 and 60 (1. 3., € [45,60])

Beauty contest

> The same gocs for any number betwen 20 (incusive) and 3 (rot incled)

> Knowing this, sl individsls beiev tha everyone el wil st 3 umber
between 30and 60 (1, 3.,  [30.60)

by paing 45

> Knowing this, o ndividals beeve that evyone lse wil slect 3 umber
145 300 60 (. 2., € 145.60])

- slcton and

Beauty contest

> The same gocs fo any number betwsen 20 (nclusive) and 30 (not inchdsd)
> Knowing this, o individals bl that eveyone ls wil selct » umber
30 304 60 (. 2. ¢ [30.60))
> Playing » number betwen 30 and 45 ot inclcing) would be sty dominated
by paing 45
- Knowing this, ol individuals beev that eveyone lse il select 2 umber
between 15 and 60 (1. 3., € [{45,60])
- and

> The soltion by meamsof eratd dimination of dominated srtegis i
(s0.60."..60)
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Dorianes
Weakly dominated srategies
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> There s o sictly dominated stategy

> Howsuer, C aays ives at st the same ity to player 135 5

R
LYEX)

653
(%)
> There s o sictly dominated strategy
> Howsve, € abiays gives at st the same iy to layer 133 B

1S empting 0 think player 1 would never play €

> There s o sictly dominated stategy
> Howeuer, € avays gives at et the same ity to player 135 5
> 165 tempting o thin player 1 would never play C

> Howeve, f psyer 15 sur that player o  going to play 3 he would be
compltey inifrent between plying B o C

Definiton
5 waky dominates 5 i fo al pponant pure srategy pofles, 5., € 5.,

w8 2 s
and thee i at st one apponen srtegy profe 57 € 5., fo which

o) > s )




> Ratonalty s not enough

> Ratonaty s not nough

> Even 50, it sounds lgical” ta o 50 3nd s the potatial o greaty simpiy 3
ane

> Ratonity s not nough

> Even 50 it sounds lgica” ta do 50 and s the potetial o greaty Smply 3
game

> There s pobles, anc that i tha th cder in which we eiminate the stateies

1w iminate B (C dominaes wesky), then a weakly dominates b and we can
lminae b and therelre layer 1 vould never lay A This eads 1 th resul
)

> 1w liminate B (C dominates weaky), then 3 ey dominates b and ve can
iminate s and therefce player 1 viuld never lay A This lexds 1 th resul

1 n th ather hand, v notice tht A s s weskly dominate by C then we can
eminste it n the frst round, and this would iminste 3 n the second round 3nd
hrefce B veuid b iminatd. This vewid sl n (€, ).
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Nash equiteiam

Remermber the defiton of competitive quibviam in 3 marke economy.

Defiiton

is 3 vecto o
such hat 1) , mavinizes the iy of ach ndividal given the pice vector e

g o ote)

2) the markess empy.

:-, :w,

1) means tht gven the prices, indiduals have 0o incentive to demand &
aifeent amaunt

1) means tha gven the rices, indidusls have 10 incentive to demand &
afferent amaunt

> The den i o extend this concet o strtec suations

Best response

We danote BR (s (best respons) as th st of sratgies of ndidua  tht
maimize he utliy given that othr ndidual ol the stategy proie ..

Formal,



Best response
We denoe BR (s 1) (best respons) 3 th st of sategie of ndvidua  tht
marimize hr uiity given that othr ndidual ol the stategy profile .
Formal,

Defiiton
Given  srtegy rofle of cpponents ., we can definethe best response o payr

BRs.)

e (s )

> 5 € BR() and only i (a,5.) = s, 5. fora o € 5

Best response
We donote BR (s (best respons) as th st of sratgies f ndidua  tht
maimize he utliy given that othr ndidual ol the stategy proie ..
Formal,

Definton
Given  strtegy profle of cpponnts ., we can definethe best response o par

s a5

BR(s.)

> € BR(s.) if and only f (s 5.) > w5 forall § € 5,

BR(s. the
same ity to player  fthe opponents are indesd playing accoding 0.

Nash equilibriom

Definiton
Suppose that we have 3 game (1= {1.2._..n). 1. Sy, Thena
suaegy pofle " — (57, 5) s 3 pure sratey Nash aquilibiom f forcery  and
w5 €S,
uls.st)

st

Ve oo mmi(s%)

Nash equilbiom

Defintion

agame (1= {1,2,..,0), Then o
(5157 53 pare strategy N equibrun i for every .

sy ot ”
e BR(s)

iateral ncentves to deviate

Nash equilibriom

Defiiton

‘Suppose that we have 3 game (1 = (1,27}, S S .-, b). Then

rsegy profle = — (5. 53) s 3 pur strategy Nosh b f for vy i,
B

niateral icentes to devate

. nobody has ncentives

Nash equilbriom

Definiton

agame(r Then o
Srategy profle ° = (5. 7) s 3 pur strategy Nash equilbium i orevery i,
57 € BRI

ilaterl icentves to deviate

. nobody has

> Thi is 2 concept ofsabiy bt there s o way to nsare, o prdict, tht the
game il resch ths equibeim.
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Some cxamples

Beauty contest

> Consderth Fllowing game among 2 pople. Each ndiidal seects  number,
5. betueen 20 3 60

Beauty contest

- Consderth following game amon 2 peole. Each ndividua lects  numbes,
5 and 60

Lot 5. b the number slected by th cther individal

.
) =eo-Gr-351)
2 (5i-25 i
» o e e o o s o 28

‘ )
- Let ., be the mumber et by the ther ndidat. Se /7 mi;é =

» The utility function of the individual i is ui(s;, 100 - (5~ §s-i)*
o ne(s)
0

Beauty contest

ety contes
S

R

To b e of il e b

{;;,, <40

R TR P

“The Nash equilbeium s whereboth BR functions intersact 1. when both lay 60)
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Beauty contest
“The bst response of an ndividual s given by

Jo ei<0
@ e

s(s.)

“The Nash el is where both BR functons incersact ;.. when both lay 60)

Prisoner’s ilemma L¢)-NC
- nit (57975
3 M2 (Seowe)
N o
e [5=0e)
Prisonr’s dienma
“Th bt rspon unctions s
_[wc =
BR(s .1—{,,( Y
i (NC,NC))
Prisoners diemma - A ick
et responseof 192 plying C
Prisonr's diemma - A trick
Bt response of 1.2 lying NC
Prisoners diemma - A ick
et response o 20 1 plying C
Prisonr's diemma - A trick
Bt respons o 29 1 plying NC
3 )

Battle of the sexes

[s[7] EN ("‘)
_. Pl

Battle of the sexes

e {7 1527

Battle of the sexes

R

Thus, (6.G)y (P,P) are both Nash equibium.

Matching penies (Pares o Nones) - Simulaneous




Matching penries (Pares o Nones) - Simulaneous

Matching penies (Pares o Nones) - Simulaneous

T 3
1 (10081050 | -i000.1000]
2 (1000.1000) | (1000:1000)
1 a1
R
2 s
R

“Ther s o Nash cquibium i pure srategis
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Relationshp to doninance

Nsh equiltium survve IDSDS

Theorem

Proof
By contadicion

s

> Then we must have eliminate some srtegy in the Nash e 5°

Proof

By contadicion
> Suppose it s 10 e
> Then e must have eliminated some srategy in the Nash e 5°
> Lets 00m i in the round whe

e st liminate 3 stratey tht s part of

> Then we must have eliminate some srtegy in the Nash e 5°
> Lets 200m i n the round where e fst liminat 3 statey tht s part of s
> Without lss of generlty sy we liminated the tategy 5 of indvidual |

ool
By contadicion
Jpose it s ne trae
> Then e must have eliminated some srategy in the Nash e 5°
> Lets 200m i n the ound where w frst lininate 3 stratey tht s part of 5
> Wihout s of generlty sy e eliminated the statey 57 of indidual |
> 1 st have been that

w5

<ulss €S
e

vifs3) 2 ve(s:, 63)
v

Proof
By contadicion
> Suppose it s 1ot e
> Then we must have eliminated some sraegy in the Nash eqilbeum s°
Lot zo0m in i th round whre we firstaiminate  seategy that ispartof °
> Without s of generalty sy ve liminate the stategy s/ of indidual |
> 1t st have been that

a5

<ulns s e S,

> I paricutar
w1510 < wlsst)



Proof

> Then we must have eliminated some sraegy in the Nash el 5°
> Lets z0om i n the round where w frst lminate 3 strategy tht s par of 5
> Without lssof generalty sy we liminate the stategy 57 of indvidual |

> 1 st v been that

50 < wlsis €S

> o it

5000 < wlsst)

Bt this means 5 s ot the st response of individal 11057,

ool
By contadicion

Jppose it s no trae

> Then e must have eliminated some srategy in the Nash e 5°

> Lets 00m i in the round whe

e st liminate 3 strategy tht s part of
> Without s of generlty sy e liminated the stategy 57 of indidual |
> 1 st have been that

(51,50 < uls5. Vs €5

> I parc

st 5 < wlsst)
> But this means 5 is ot the bst response of individal 1057,
> And tis s 3 conradicton)

Nash equiltium survve IDSDS

Theorem

i mique.

Proof

First s prof s Nash Equlbrium, The fct that s uniqu s il by the
previons therem

Proot.
By contadicion
> Suppose tha theresuls fom 1DSDS (s°) s ot Nash Equilbrium

Proof

Fist s prof s 3 Nash Equfbrum. The fct that s uniqe s il by the
prvious therem.

Proof.
By convadicion
uppose that the reslts from IDSDS ()i not 3 Nash Equibium.
> For some indvidua 1 thee exis 5 such that

) > 0l 50

Proof
First s prof s Nash Equlbrium, The fct that s uniqu s il by the
previons therem
Proot.
By contadicion

> Suppose tha theresuls fom 1DSDS (s°) s ot Nash Equilbrium
> For some individual | there exis  suh that

wlsst) > w50

> But then s coukd nct have been clininated

Proof

Fist s prof s 3 Nash Equfbrum. The fct that s uniqe s il by the
prvious therem.

Proof.
By convadicion

‘Supposs tha the rsus fom IDSDS (5" st  Nash Equilbrum
> For some indvidua 1 thee exis 5 such that

st > s 51)

> But then ; could not ave been eliminated
> And tisis 3 conradiction
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Eanples
Cournot Competton

Cournot Competition
> Wewil
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: A A

> for any 1 € 10,60], there exists some .. € [0,+2) such that BR (0. = a1

BRa.) = 2070

> for any 1 € 10,60], there exists some .. € [0, +2) such that BR (0. = a1

> Such g can ever be sticty dominated

(3050 Tz (500

"
QO
)
@

BR(a-)

Cournot Competition

// /////

Cournot Competition

BR(a-)

200
2

> ai= 060

> Thertor g € 0.30) are sy dominated by g, = 30

Cournot Competition

ol
> Thereore g; € [0.30) are sy dominated by g = 30

> et rcunds o deetion of sty dominated stateies, we s et with
5= 0,60

Cournot Competition

BR(q.) = 20
* ai=060)

45 sty dominates o tateges g € (45,60]

> e e rounds of dlsion o sty dominated siraegies,we are left with
5= (30,45

Cournot Competition

> o=
> 375 strictly dominstes i srategies g, € (30,375

> e our rounds of deltin of sty dominated stateies,we 3 et with
§i-B75.25]

Cournot Competition

> Ao (nfinitly) many eraions,th anly remaiing tateges ae 5= 40

> The uniaue slution by 1DSDS s = = 40.

Cournot Competition

> There il o be s unique Nash squibriom

Cournot Competition

> Thore il be » unique Nash cqiibriom
2-a

oR(q) = 20



Cournot Compettion

> There il be » unique Nash quiiiom

eR(a.) = 205

> A any Nash equibrum, we must hove: g € BR(5) and € BR(a7)

Counot Competition

> There i o be » uniue Nash eulibiom
20—
BR(a) = 225
A any Nash eqlbrium, we must have: . € B (45 and € BR(a7)

Lweg g
a0 3

Cournot Compettion
> There i 3l be » unique Nash cqiibiom

20

BR(a-)

z

> At any Nash equibrium, we must have: ;. & BR(05) and 7 € BR(a7)

i=40q

Cournot Competition vs Monopoly (cartel)

1 prfcty comptiie marke, price equals maginl costand the ttal
Quantity produced wil be Q = 120

Cournot Competition vs Monopoly (cartel)

> In 3 prfcty comptiie marke, priceequals marginl costand the total
auantity produced wil be § = 120

> A monopalis would seve the fllwing masimization probiem

(120 Q)0 = @ =60, = 60,17 = 300

Cournot Competition vs Monopoly (carel)
1 prfcty comptiie marke, price equals maginl costand the ttal
Quantity produced wil be Q = 120

> A monopalis would sove the follwing masimization problem:

(120 Q)0 = Q" = 60.F" = 60,01" = 3600

> The pofts 10 each i inthe Counot Competiton i ess than hlf o the
monepoly pofs

Cournot Competition vs Monopoly (cartel)
> In 3 perfctly comptiie marke, priceequals marginl costand the total
auantity produced wil be § = 120
> A monopalis would seve the fllwing masimization probiem

mp(120- Q)0 = "= 60,7 =60, = 350

monopoly pofs

> 103 duopol,exernltes are imposed o th ather fim
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Conels

Canels
> Suppose ther ae thrs fms o face 70 margial cost
> The imvrse demand functon is g by

Aatato)=1-n-a-a=1-0

Canels
> Suppose ther ae thre fms o fce zro marginal cost
> The inverse demand functon s gen by

Aot =1-n-a-a

-0

> The st cnder conciton ives

o

1-20-0 =0 q = 1520 s ar@) < 152

7

Canels
> Suppose there ae hre fms who fce et marginl cost
> The invrse demand functon s g by

Aatatm)=1-n-a-a

-0

> The st endr coniton ives

1-2-Q

—a

> 103 Nash equlbrium we must have




Canels

> The easist way tosove tisfst, e us add the thres equations o gt

==l

B

Canels

- The casiest way 1 s tis fe, et us o the tres quations o gt

WP |
L

> Note that

Canels

> The casist way tosove thisfst, e us 3 the e equations o gt

> Note that

Canels

> The casiest way 1 s tis fse, et us o the tres equations o gt

@0

> Note that

> Priceis = 1/4 and all fims et the same pofs o 1/16

Canels

Tueof thefirms merge nt fim A, ik oneof the frms remans single,cal
that frm B

Canels
T of the firms merg int frm A4, while ane of the frms remain singe, call
tht fm 6
> Each fim then again facs the proft masimizaton pobiem

1= - 000 = B0 =

Canels

> T of the firms merge nt firm A, whil one of the firms remais singe, cal
tht frm B

> Each firm then again facs the proft marimizaton problem:

i
ma(1 -~ 9. = BR(a
> Thersore
Canels
> Soling his
ful
o
Canels
> Soling s
G
> The pice s then p =173
Canels
> Soling his
ful
o

> The price s thenp = 1/3

1 the prots ae shared cually among firms 1 2 ho have merged, then
profit o firms 1 and 2 e 1/18 whereas fm 3 obiains  prft of 1/9

Canels

> Soling s

> The pice s thenp = 1/3

1 theprofits ae shared cually amon firms 1 and 2 who have merged, then
prfits o i 1 and 2 e 1/16 whreas frm 3 bt  prot of 1/9

> Firms 1 and 2 suffered, il irm 3 i beter ot



Canels

> Soling s

> The pice s then = 1/3

1 the profits ae shared eually smon firms 1 and 2 ho hve merge, then
profits of firms 1 and 2are 1/18 whereas frm 3 obians  proft of 1/9

> Firms 1 and 2 sffered, whil firm 31 betser ot

> Firm 3 is cbtining » dispropotionate shar ofthe joit peois (e than 1/3)

Canels

> You might expect that 3 may want to i the carel a5 wel.

Canels

> You might xpect that 3 may vant t0finthe carel 3 wel.

> I the manopolis roblm, e s

1

(1= Q10— @

Canels

> You might expect that 3 may want to i the cartel a5 wel.
> 10 the moncpolis proble, e sobe

.
(1= Q)@ = @ = 3.

> Toul § which means tht each
hed

Canels

> You might xpect that 3 may vant t0finthe care 3 vel.

> I the manopolis roblm, e s

(1= Q10— @

3

> Tonl §which means tht exch
<

> Firm 3 clerly wants to sty out

Canels

OPEC canl)



